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In the Aiyagarimodel we studied in class,

there were no aggregateshocks to theeconomy.
The only shocks were idiosyncratic shocks faced

by each agent(i.e. employmentshocks).

This fact made the model tractable and

allowed us to fairly easily solve for the

nary equilibrium numerically,the distribution

of assets and employmentshocks P(a,5) was

invariant in the equilibrium and thus so

were prices (R and w). Thus in theAiyagari

model, the agents did nothave to track

the evolution of 5 (in order toforecastprices (

since itwas invariant in the stationary equilibrium.
· ↑ invariant => K, L constant => R, w constant.



This changes when we add aggregate shocks;

i.e., shocks thataffecttheentire economy.

The aggregate shock we will add to the

Aiyagarimodel is a productivity/techology shock, say A.

Because of theserandom technology shocks, the

cross sectional distribution of assets and employment,

Ma,s), may vary over time. Thus is

is a state variable when we add

aggregateshocks to theAiyagarimodel.
So the statevariables are then:(qS; Fil

Individual Aggregate

With 4 as an additional state variable,

numerically solving thevalue fraction is extremely
difficultto impossible.I can be a

very high dimensional object, making
numerical methods for solving theHH poblem

essentially impossible. Curse of dimensionality!



Krusell - Smith (1998) discovered one way of

tackling this issue. First, will go through the

setup of their model.

KS Model Setup

· Technology:f(K, L, A) =AKL-
· At EAL, An is random

5 There are good (AM) and Gad (A2) aggregate shocks

· Labor supplied inelastically:1
=Etwhere E is

stochastic and 6 E [0, 13.
I can be employed (t =1) or unemployed (t =0)

· I =0 i

Equal tonatural borrowing limit

· Two sources of randomness:
i) Aggregateshock, A
ii) Idiosyncratic household shock E,

Both follow some Markov chain.

In KS, aggregateshocks and household shocks

one correlated so thata higher fraction of

agents are unemployed during bad aggregateshocks
(i.e. necessions



Now, whatis the state of the economy? (aggregate state

=(T, Al
↑ ↑

correct
a [==:] -Distribution aggregateof asset a productivity

and employmentt

Need toknow thelaw of motion for M.

↑' =HIT, A, A')
c
F A'E EA, An

e n w

New current New

Distribution state aggregate shock

of economy

Notethat there is a law of motion for each

A, as employmentdistributor tomorrow may

depend on Alle.g. if more (less) likely tobe

employed if in good (bad) aggregateshock).

Whatare the statevariables for an individual agent?

=(a,ti(A)
n

Individual Aggregat
States states

From KS pg 873:"The role of theaggregate

stateis to allow theconsumer topredictfuture prices.
"

Now we can writethehousehold problem.



Household Problem

v(a,t;T,A)

-

Ma (UK) +1CA'IA) Ht'lE, A) vla't';N!Al
s.t. 2 +a

=R(T,A)a +wIT, A) tt

a =0

T =HIT, A, A's FA't EAL, An3

Letg(a,ti M, A) be theoptimal savings policy.
Note thatprices R and wove

functions of the stateof theeconomy (5,A).
Given the production fraction, thepricing
functions are:

R(T,A) =1 +Adk(T,A)
a -

d
LIT,A)

w(T,A) =A(1 - a) k(T,A)
<

LIT,A)

KCI, A) and LCN, A) are aggregate capital

and labor supply, respectively.



This should provide some intuition on why

individuals need toknow I and its evolution.

To know prices tomorrow, Rand w

the agents need toknow aggregate

Capital (K) and labor (2) netperiod.

K "(r!Al =
a c
aP(a,t)

L'I!A) =
a
=EIN'la,e)

which are functions of T'EHIP, A, A'l 1. And
the agents need toknow istoknow i (via H).
How aboutprices two periods ahead?

Need K" and N"(conditional on a shock sequence):

K ";A") =a =
aN"(a,E)

I

~"ST"A" =a
=
teR"(a,t)

And T=HIT' !, A") =H(HCr, A, A'), E, A "(

Thus, conditional on knowing thesequence of

aggregateshocks, the agents can perfectly forecastprices
since they can perfectly forecastaggregate capital and labor

Now we will define a RCE.



-Advanced Aside -

Whatif optimal savings policy took the form

g(a,t;N,A) =b(tiA) +ma
constant slope

Then K=E[g(a, t,,Al]
=E(b(t;A) +ma]
=E(b(e,A)] +mE[a]
=E[b(t;A)] +mk

->
for t

But if assume LLN hold, then ECbIE;A)] =YA

takes on a single value for each A.

this K =G(A,K) =NA+mK

and we don'tneed to

track I to forecast future aggregate capital!

We could justtrack theevolution of aggregate

Capital instead of t in this case.

This gives some insightinto KS's resultthatwe will

see later;thelinearityof the assetpolicy function is

- important. -



A Recursive Equilibrium is:

i) value function o

is Policy function g

ii)Piling,rection I, such that

1) Given pricing fractives and A, U and y
solve HA pobler

2) R, w are resultof competitive factor markets

3) Anais generatedfro and theMarkow

or"beliefs"
↑

T'(a',') =H(r, A, A) (ait) =

3
Agents' perceptions H
aboutisevolution are

correct.

T(t'lE, A) Ma,t)=E a:gla,ti,A) =a -

How would can we computethis equilibrium?

Computational Strategy

Why not justuse VFI or mother numerical technique?

Problem:I is a high-dimensional object!

"It is well known that numerical solution of

dynamic programming problems becomes increasingly difficult

as the size of the statespace increases."(pg. 874)
I.e. curse of dimensionality!



To see this, consider the case when

assets can only take on 50 values and

I can only take on 2 values. Then there

are 100 possible (a,t) pairs, and

↑(a,z) t (0, 17 for all pairs. So I as a

state essentially equates to 100 additional statevariables!

This would be very difficult(if notimpossible)

tosolve already; and we usually don'twant
asset
V

to restrict an agent's choices toa finitesetof values

anyway!If asset choices were on on interval,

this would lead to i essatially representing on

infinite number of statevariables!

KS deals withthis issue by assuming that

agents are "boundedly rational abouthow

they perceive theevolution of M.



IS assumes agents "do notperceive currentor

fore prices as depending on anything more than

the first I moments of 1 (in addition toz) "

Letm =(m,
, . . .

,
m5) be the firstI moments of T.

The perceived law of motion is then:

m1 =H
= (m, A, Al) "Incorrect

- -
in principle

I
Replaced high dimensional

objectwith a lowerone

Given HI, we can solve theHH poblem.

Now, the state variables are (a,t; m, A).

Let the solution to the HH problem under the

"boundedly rational"beliefs be gala, eim, A).

How can We check how good of an

appocimation this economy is?



LetMCP) be a function thatcomputes

the firstI moments of 5. Given the

"mistaken"beliefs about It, we can compute the

exactevolution of N (call itHEl.
T=True

H+(r,A,Al)(a!,ci) =

-T'(a,') = ↑(c'lt,Al) T(a,E)
t a:gela,t;MCM), Al=a'

n
I

I moments of i

Thus we have the Ive law of motion At

in this "boundedly rational"economy as well as

the agent's perceived law of motion HI.

We can then compare how well At appacimates HT.

When thedifference between He and N
u

m" Moments of H+(N) =4'

is very small, we have an "approximate equilibrium;
"

the forecasterrors made by the households

tacking on moments is very small. Thus their

forecasts of prices will also be very accurate.



"Our approximateequilibrium is a fraction He, that,

when taken as given by agents,

(i) yields thebestfit within the class

I to the behavior of m in the

simulated data and

(ii) Yields a fit thatis close toperfectin the

sense thatHe tracks thebehavior of min

thesimulated dataalmostperfectly, that

is, withsmall errors."(pg. 875)

Key Result: To get a good appocimation, it

suffices to track justthemean of 5!

More specifically, justaggregatecapital!

This is an incredibly useful resultfor

computing the equilibria;you can replace a

high dimensional objectM with a single variable

in thestate space!



Now I will write down the exactalgorithm KS

used. See
pages 875-875 or page 297-298

ofFatih Guvenen's "Macroeconomics withHeterogeneity."
1) Select I, the number of moments of M

the agents will track.

↳ KS Sets I =1. So agents perceive that

prices depend only on K and A.
y

mean of (a)

2) Selectfractional form of He and the

initial parameters of this fraction.

2KS selects it to be log linear in aggregate

capital, K. So HICK, A, Al) =

log' =

90+ a,logK ifA =AH

logK1 =60+6, l0gK if A =AL

You should make on educated gress for

Cao, a, 60, 6.). Or you could startwith

e.g. 10,1,0,17(
=> K=K).



3) Solve household problem using HI:

v(a,t; k,A) =

mas[uCl+BECvIa',t'; K', AIA, the
S.t.c +a1 =R(k,A)a +w(k,A)

log' =

90+9, logK ifA =AH

logK1 =60+6, l0gK if A =AL

c, k=0

4) Use the savings policy function you solved for in

step (3) to simulateasset holdings for N

agets over
I

periods (N,T large numbers).

KS uses N=5,000 and T=11,000.

5) Calculate aggregatecapital in each peird as

k t =tn
=

at. Using ERt3 run the
~

regressions:logKen
=

90+ 9, log,ifA =AH

~

log Ken =60 +6, l0gRt if A =AL

which provides you
with new estimates (0,9Y, b0,bi)

as well as R2 and forecast variance (goodness of fitmeasures).



6) If (ao,, b, bi) is
very close to

190,a, 60, 6.1 and R2 is very hight

forecast variance very small, you are done.

Ifnot, keep iterating on 4 and S.

(Note:Could also change functional form of HI
if you are not getting a good fit).

KS explains:"The idea is thus tofind a

fixed pointfor He in theform of a vector

las*, a,*, 60%, 6.4). If this He is satisfactorily

reproduced in simulations (i.e. if goodness of fit is

high), stop. Otherwise, consider a more flexible

functional form for its or add another moment."

(pg. 876). The approximateequilibrium obtained by KS is:

log K1 =0.095 + 0.962l0gK;R=0.999998, 5 =0.0028%
if A=AH

log K1 =0.085 +0.965logK;R
=

0.999998, 5 =0.0036%
if A=AL Regression Error

The R2 is very, very high!



Is also shows that agents can forecastprices very, very
accurately, even 25 years intothefuture (max errors <0.1%).

KS's model exhibits "approximateaggregation."
-> See lastpage of this notes

Figure 2: Consumption function is nearly

linear withsame slope across employment
*

States. Remember in that in 8106, we discussed

an aggregation theorem thatloudly stated that

aggregatedemand is independentof the distribution

of wealth when all agents' MPC outof wealth

were equal (notethatwas for a static economy);
the only thing thatmattered for aggregatedemand

was total wealth. In the US model:

i) Rich agents have similar MPCs outof wealth

and also hold most of the capital.

ii) Even though poor agents have more non-linear

MPCs, they consume a small percentage of wealth,

so they doitmattermuch in theaggregate.
*You can check Fatih Guveneis "Macroeconomics with

Heterogeneity" page 259. This is a great paper.



This leads to "almostperfect"aggregation.
Other Issues

· Wealth distribution in model not as dispersed
as in data!

↳ Wealth Ginicoefficientis 0.25in
model vs. 0.79 in data!

· Make B stochastic to"fice"this;bin;in the

stochastic - B model is 0.82!

Other References: · Jesus Fernandez-Villaverde's
slides "Krusell-SmithModels."

·

Ljungquistand Sargent Chapter 18




