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· Kocherlakota (1996):follow L-S Chap21 treatment.

· Two risk averse HIs:Aand B
Stochastic

· Endowments:Ay(st) 3B 1-y1st)
No aggregate risk

· S is rid; FIst) is probabilityover st

·designproblem.
↳ Create insurance/transfer arrangementbHAtB
that:

i) Reduces consumption risk and also

ii) Respects bothHI's participation constraints
↳ Never optimal for either AIto exittoautaky

· Setup a planner problem (1 seq. pob, the rec. form)

· Planner allocates consumption goods bItHHS s.t.

i) Participation constraintsfor A& B satisfied
ii) Promise beeping constraint satisfied

· Planner chooses [CA3st=[[(I(st) 3, 3st

↳ Note:([(st) =1 - 2E(st)



· E(A3st is

i)Feasible if(ICst3t[0,17 Vt, st

ii) Sustainable if it satisfies It, st

A(s')

S
\UCcElst))+B*lsst)a(s))

M E - (uly(st) +Brat] =0

Glaci, u(1-(I(st)) + Bi
+st
B*(s(st)u(l-c*(s=1)E

Als) - - [ull -y(s+ )) +Bvv]=0
(ils'↓QA

fu
recursive

where artaky values are:

formulativ Vat =

ses HIS(uly(s)) 3 Expected utility
1 - B

Vat= Hs)u/l-y(s))
fom only eating

advant

ses

1 - B

↳ For all possible futures, neither household
will walk away from contract to autarky

↳ Itwill always be better to stay in

contractthan leave

· Now writeplanner's problem in sequence form:



· frontierproblem in sequence form:

Q) (3 constrained 4F

value -> -

promised ↑(st(B
+ [u(1-E(st)) -u(l-y(s))]3Bto

=

Max

[CA3st
t=0 St

At
-

S.t.
t st

HIst(B(m)-uly(st))7=
m

Alifetime
utility ASCA3st ER 3 sustainable > than actor by

((st) t(0, 1] Vt,st3Au Inade

↳ Planner chooses &consumption Vt,stto

maximize I lifetime utilitysit. Aexpected

lifetime utilitybeing utils greaterthan value of autaky.

while keeping bothHits in contract.



· Recursive formulation:

B =Q1, s) =max (ull-x) - ull-y(s)) +B,, π(SQ(xls),s}c,EAls'l3s'
S.t.

Promisez-u()
- u(y(s)) +B,H(s) (5)= [M]

keeping
part. A3- (s') =0 Est [Bils/xs'l]
PartB 3-Q ( (9), s') =0 As' [BIIs'81s']

Ct [0,1]

· Q).,5) is Pareto frontier conditional
o realization y(s)

· Call (S) continuative value &conditional on s

· Thomas-Worrall (1988) proved:

i) Isle (0, T1s)] As

-

Cs)O then Aworld exittoautakyway E, 5(s) s.t. Q(5(),s) =0

ii) Q(A,s) is:

a) Decreasing in

6) strictly concave in 1

c) Continously differentiable in [0, 5(s)] Fs

Q(ACS7,57

0 5(1)
1(s)



Characterizing Optimal Contract

· Concurity of Qimplies P is convers.

· Lagrangian:
I =ull - x) - ull - y(s)) +B,, π(S)Q(xls),si
+M(u() - u(y(s)) +B,H(s) (5)- (

+, πNs') ((s -0)
-

,
π8ls' (Q((s),s') -0)

[Assume Inada]

· FOCS:

[C]: - u'(l-j) +Mn'(c) =0

[A(s)7:Bis') Q'(a(s'),si)
+MBi(s)

+Bi(s) xs') +BIC) Ols') Q'(als), s) =0

· ENV: Q',s) = -M
· substituting in FOCs:

co
e

Q'(A,s) = - u'll-c(a,s))
u'(((1,5))

Q '(A,s) =(1+o(s) (Q'(a(s),s') +x(S) Es'



Consumption Dynamics

Q'(A,s) = - u'll-c(a,s))
-

Decreasing in A.; -,s))
Need its as well to be increasing; 24

in 1P

· Strict concavity of Q => C(1,5) is increasing in 1

↳ Consumption of ADtoday is increasing in current

promised value to ⑰A

· Continuity of Q'=> ((A,5) is continuous in 1

· c0,5) increasing in A and AECO, 5(s)]

=>((1,s)t[[(s), [(s)] 3 consumption
interval

where z(s) =((0,5)

I(s) =((ICs),s)

↳ ((s) defined by: Q'10,5) = - u'll-e(s))
vi(((s))

=>If =E(s), then 1 =0 and A
gets no gain from contractforever

↳ I(s) defined by:Q'51S),s)=- u'll-[(s))
u([(s))

=>If =[Is), Q(51s),s) =0, and B gets
n8 gain



· Define ((1,5) =g(Q's,s));
> Q'(1,5) =g'(((1,5))

g and glare strictly decreasing
· From FOC:g-1((D,s)) =(1 +f(s))g-1((x),) + x)s') Es'

- n

Acurrent consumptio Atomorrow con.1s'

↳ Consumption dynamics in efficientcontract

governed by participation constraints

=>Makes sense!If HH close toleaving to arterly likelycompensatemore.

· Go through cases for PCAand/orB binding:

1) x1S =0(s) =0 (neither PC birds). Then

①'1,s) =Q'aCs'), s')

=>g-((s,s)) =g-1([(s(s),s))
=>((1,5) =((A(s),s) (g- st.dec)
=>C(ACS7,s') is independent of s'
and equals lastperiod's consumption (constant)

↳ If promised values (s' for A and B

strictly greater than 0, consumption constantacross periods
=>I.e. Expected lifetime utility IS' autarky value

for both HHS, consumption unchanged



(Abinds =>A(s' =0)

2) NCs'O and 0(s) =0

Q'(1,5) =Q'(1(s'),s') +xCs')

g-1(x(1,5))
=

g
- 1(c(s(s),s)) +x(s)

=>

g -1(x(1,5)) >g
- 1(c(s(s),s))

=>((1,5) < ((A1s'),s')

↳ Planner increases consumption of Ajustenough
so thatA (S) =0;Aindif 61staying a leaving

↳ Since PCAbinds (i.e. X(s') 0)
=>A(s) =0
=>((A(s),s') =(s) 3 Areceives lowestpossible consump
e to keep in contract
=0

=>consumption tomorrow does notdepend on

A or si

↳ Contractexhibits "amnesia"ruhn PCA and



DB binds=> QL1(s),s')
=0

e

3) Ns =0 and Els') >0:

g-1(x(s,s)
=(1 +0()g-1,s))

=>g
- (((1,s)) - g

-(((s(s),s)

=>((1,5) > (bls'),s') 3b,cR

↳ Planner increases consumption of B justenough
so thatQLA's',s') =0; indif butcontract) leaving

↳ Again, PCB binds (8(sk O):

Q((s'),s') =0

=>Als') =ALS')
=>((a(s),' =((5(s),s') =[(s')

=>"Amnesia" again! Consumption tomorrow of Dis

4)ICs) O and Els >O (both PCs bind)

=> ①(b(s),s) =0
A

and 1 (s) =0

=>I(s) =0



· We can now write down dynamics of optimal contact

· Proposition:Optimal contactconsumptive dynamics. (gincil

Suppressing 1)
and sit

w
((S) = -(s) if((s) < ((s) =2 [PLAbinds]

ICs) if (IS) [Cs') E> [PCB binds]E ((S) if ((s)t[=(S), [Cs'] Crntur]

· Note:Can show ((s)?(s') => PCAbinds

↳ ((s)= (s) =((s)
=>((S) < ((S)
=>PCAbinds

↳ symmetric for PCB

· Example wI 3 states:

M

Receive Sin

Racine,andj
↳(Smin)

y'min lined ymas >y



· Continue characterization of optimal contract

· Proposition:If y(s,)y(Sz)
=>[Is,)>[(se) and Ils,) (S2)

↳ "Consumption intervals cannot contain each other"

butcan overlap or be disjoint

· Proposition:y(s)t[ECs), 11s)], .

y(smin)=[(Smin),

y(smax) =[(smar

↳ "Endowments are contained in consumption intervals"



· First - BestSustainable Allocation.

↳participation constraint of neither nor I ever binds

=>consumption always constant; perfectrich sharing

↳ FBSAexists when:

\[((s), [()>3, ==0
=[Ismin)?((smas)

· Example wI 3 states:
450

M

~

~E 3 Range of FBSA

y'min good y'ma >y

↳ If FBSAexists, obtains in long run

↳ FBSA exists if

i) B high enough
ii) sufficientendowmentrisk

iii) Enough curvature of U


