
TA:Zach Swazick

E [v(b:,y')ly]
ne

1) a) v16,y) =

m (uCc + B Flyly)v(biy'3
S.t c +q6 =b +y

b' =4
c
=0

16) FOLs:X on BC; &on BC

1c]:uC) =x

(6: BI ily'ly) v, (6',y) - xg +0 =0

=>

xg
=

BH(yy)v,(6:y)) +0

Combining FOCs:

r() = E[vilb;y') ly7 i
=if6"4

Envelope:

vp(6,y) = u(C)

=>volb, y) =u'(c')



Euler:uC) - E(u'C' le]
[ =if64]

Need c+qb =6 +y;6' =4;c20; and
Euler tocharacterize solution.

1

c) WTS:go non-decreasing for each
y.

Fix y t Y.

Suppose 6, 762 but go(b.,y) <gx(bx,y)
First, notethatsince by, then

96(62,y) <gx(b.,y) =4
=>golbe,y) > Y.

Thus, we know that0 =0 given (62,y)
from complementary slackness (i.e. 8.(61-4) =0).

Since u is strictly concave and setup

is "nice"enough, we know that

~ "inherits"strict concavityfrom U.

(thanks SLP!)



Since v is strictly concave in 61 then

V6 will be strictly decreasing in b'(for each y'):
=>

vp (go(b,,y), y') > vs(golb,y), y') FyzY
=>iy'ly) vs (golb, y), y'7 < iy'ly) vp(golosy), y') Fy'eY

Summing across all y'EY and multiplying by 30:
* E(v.(9016,,y),y)/y) < E(v (go(by), y')ly]

From FOCs, we know:

·v'16, +y
- 996(6.,y)) =E(vo(go(6,,y),yi)(y)

u'lbz +y- 99662,y))= E(v(go(by), y)ly]
since golbe, y><P

Combining this with 1, we have:

ulb, +y-99016,,y)) < u'(b2 +y
- qg6(b2,y))

u is strictly decreasing:
6, +y -qg,16,,y) < b2 +y

- 996(bz,y)
0 <6, -62 - q(96(6.,y) - g0(62,y))
ne

original O original
a SUMP assum



Thus we have 0>6,-6230, a contradictor.

So go is nondecreasing in 6.

d) Defire an RCE:

↳ Individual States:bi,:y
5 Aggregatestate: ECB, t) distribution over bonds and income

First, define objects:
Let · 6tA =[4,0) with Briel algebra:(3(A)

·

yt Y with Bovel alg. (Power set):P(Y)

· AxY withB(AxY) =B(A) +P(Y)

· M =(AxY,B(Axx)) the measurable space
·M setof all probabilitymeasures on M.
· IEM is probabilitymeasure

v(6,y, 5)
=

max (uk)
+ B Tlyly)v16;y''3

s.t.c+q(6)6' =6 +

y

I =H(E)
6 =4ic =0

Policy fractions:

qc(6, y, E);9016, y, t)



An RCEis:
i) value fr:V:AxYxM- 1
ii) Policy fs:90; Gc on save domain

iii) Pricing fr:9:M- IR

iv) Agg. law of motion:HiM =M sit

1) Given qtH, V satisfies His bellman equation and
go. Go one

associated policy Ars

2) Markets clear FIEM

S9c(6,y, E) d5 =SydI =SydR
Sgo (6,y,5) dI =0

3) Agg. law of motion It is consistentul Markov Pouss

and policy on go:F(A,Y) tB(AxY) and (6,y) tAXY

-(A,Y) =(HIC)) (A, Y) =(Q((6,y), (A,x)) dI

where Q ((6, y1, (A,Y)) =y y)
if 9016,y,tetE if 9016, y, E)*A

2) Stationary: · It is stationary ->doesntchange over time,

so t =*t
· Price doesn'tchange over time as q(ott) =q(E) It
· Value f", policy or, pricing or no longer
used have Mas part of their domain

· Dont need it as containtfor agent
·I "reproduces"itself given Marbor process -policy fis



f) can at =be+yt be only statevariable

in Bellman equation (9+=g i.e. stationary).

No. You could if you assume it is aid.

Need to know yetoform expectation

over yet, since y follows a Markov pocess.

· Bellman equation assuming ye is rid and

Notconditioning
using at + yt as statevariable: or

62
E[v(6'+y;)]

v(a;g) =m,(uk) +Brlyi
S.t. c +q6 =a

6'= 4
c =0

Note that you could still use 6 and y as

state variables if
I was aid.

However, since the agent needs toknow only
a = <0 + y) and not 6 and y separately, it is unnecesay.

Statevariables tell agents what they need to

know to make decisions today. When y is

ind, agentonly
needs to know bty.



2) Wt=Atw after periods on the job.

E(E.yt]
a) Unemployed worker withcurrentwage offer wi

V(w) =max 5VYw), VR3
A, R

Accpt:Vf(w) =w + 0Bw+02Bw+---

= 3 Assured $B < 2

Reject:VR =C+BS"V(w) dF(wi
=>V(w) =2, B!"V(widF(wi 3
-

E[V(w)]
6) Resv.

wage:

i) Defice operator T(A)(W) = [,+BE(f(wi)]3
ii) Maps from [(X)-(CX) (cont. Grunded
iii) Satisfies Blackwell's:Monotonicityand Discounting

=>T is a contraction; I: cost, bounded we thatsatisfes FE

V(w) =
st increasing and continuous in w

UR is constant in W.

Argue VA(0)vR >V+(B) -

- -

Reject Accept



By IVT. 505 st V(w) =VR

=3 V(w) E if w>wx=

Wive if wIwA

c)y =4BE(V(w)] =BSV(wdF(w)
=

P/S,dF(w) +SdF(w)

Multiply bothsides by
=>

I =(1
- B0) +B//widF(w)

+

J, dF(w)]
E
I

=>McCall model with benefit C.
know thatwo is increasing in beat(see Tim's notes).

I is deceasing in o
=>wo is decreasing in o

Algebra:wr -((rB4) = Sew-wodFlw'
1- B

Sketch
of answer:

E One option is comparative statics argument: In eque above musthold.

04:LHS ↑ ; LHS> RAS ifwe does not change
=>wb => LHS and RHS 4. Thus we needs to b to be in eque.

=>AY => w ⑰
↓
Since S. expands

and w-wo increases

could also use Leibnizto be more thorough.



-> Note:This is the two agentcase in the RCE Recitation Notes.

3) a) 2 agents w/ diffect pets. Both of measure 1.

Output:Alc) FIK, Lt)
~

LetK and Abe sets possible values capital and Arrow secantes.

Let R =2 K,K2]
*=(A,,Az]

vilai, hi, E, A,s);n EUiCc,e)+BE(ulals', hi, K, Als1,s]u -

Individual Aggregate
state state of

economy

S.t. ci + 9(s,s', K, A) ails) + he!

IwIS, A, K)litr(s, 1, K) ki

-

I=H(A,k,s)
A(s) =6 (A, K, s, s) Fs'

als) = - B As

lit SO, 1], non-neg

Policy Ans:gilai, bi, A,[,s)
i

gas? (ai, ki, A, K,3 Es
>

girla:, ki, E, K,5)
gie(ai, bi, A, E,)

RCE:
i) Valuef":vi: AxRxEx x S - R Fi

ii) Policy A":gi,[gs" 35', gh,
i tion same domain as value frge

iii) Pricing f":QLs, s', A, ), r[A,K,s), wIA,k,s]
iv) Aggregate laws of motion H: Ex Rxs -> R2

~ 2

6: 2 x k x52 - 72



1) Given prices and beliefs, via satisfies FE and policy frs optimal
2) Pices St. firms make profits:

wI,,s) =Als)Fil K, +K2, ge(A., K,A, K,s) +g(An,kn, E, K,s))

r[, ,s) =Als) Fie) K, + K2, ge(A., K,A, K,s) +g(An,kn, E, K,s))
3)Beliefs consistant:

GE, I,s,s') =[gan, A., K., A, K,s), g'a, (Az, K2, , K,s)] Es'
HIE, K, 5) =[giCA, k1, E,Rs), glAz, k2, 1, K,s3]

4) Markets clear:

&gas (Ai, Ki, F, K) =0 *s

giCAi,Ki, A, K,s) +,gCAi, Ki, E, E,s)
=Als) F(? Ki, gilAi,ki, E, K,s)]

· Could also do setup with assets that

include bothArrow securities and physical capital. In this

case market clearing ensues thattomorrow's physical capital
is

we tefly usedthis traded amain chari's slides.

Letindividual assets bed and aggregateD.

Assetmarket clearing:Gals (Di, Bi, 5)
=AO Us

constant Vs'
-

=> Physical capital for tomorrow=Dils')
does not depad on s'; although

by consisterly Dils's might.



The
agutisconstraints world than be:

ci+ [Qls,s', B(d!(s') =wI,s) li + (1+ r(B,s) -d)di

dils')=-B Es'

I'(s) =M(B,s,s') As'

C: =0, l:E[U, 1]

Pricing fractions for
wage

and capital rental rates then bei

w(,s) =Als) Fr)? Di, gilDi, B,s))
r(5,s) =Als) Fiz)? Di, gilDi, B,s))



3)a) We want to write the following sequence
form of social planners problem into

a dynamic programming problem (i.e. Bellman):

maxv(C-,k0,so) =
99Cest), kexsu(Cels), (e-(s+-)) + (st)
sit(1st) +beti(st)-cE8) belst-1) =Alst) F(kelst), 1)

Ft, st

21st), bels) =0 ft, st

( =(-1)s-1), so, ko given
We assume s follows a firstorder Markoprocess.

Rewrite theabove as:

max u(Colo), C-1)
Co(So), h,(Sol

+mas

SScelt),herlst)3,30iulcelticstatus
=> u(cen(s), (1st)) i(s+(5'))i (s,190)

s.t. (o(so) + k, (so) =ALSo)F (ko, 1)

(t(st) +be+i(st):A(st)F(ke/st), 1) Ft= 1, st

non-neg



We can further rewrite this as:

max ullo,(-i) +B +1,(o) MEU(an(s), (1st)) i (ss)
Co, RI I S.t. ((s++1) +betz (s+) = A(st+1) F(k-(st).)) IV +20,5t+

1

non-neg
Co, b., s, given

S.t. Co + k, =ALso)F(ko, 1)

non-ney;ko, so, C., given

We arrive attheBellman equation:

v(C-,bo,so) =max ulco, (-1) +B , VICO, b., s,) i(s,(S0)
Co, k,

S. to Co+h, =A(so)F(ko. 1)

Co, k,
=

0

We can drop the time subscripts to get:

vk-.,k,s) =ma(ul,1 +BE(vIc,b!s'ls]]
S.t. c +k1 =A(s) F(k, 1)

C, b =0

which is the social planner's problem written recursively.
The above steps were just to show how we can derive Bellman from sequence problem



You can also see thatC., mustbe a state

variable by thefollowing argument. If both

Co and C., were control variables today you choose

bothtoday. Butthen tomorrow
you would pick

C, and co (gin). So you pick to in two

consecutive periods.We avoid this when we choose

C-1 as a state variable.

d) RCE:First, value fri

v (k,c.,,k,d - 1,5)

- UC, _,) + BESvIn!c,K;,4,i)(s)3
sit.c +b' =w(k,s) +r(k,s)R

G =H(k,( - 1,5)K
=G (K, r- 1,5
c,k' =0

Policy frs:

c =gc(b,c-1,k,( -1,5)

k'* =gelb,c, k, d -1,5)

Need D., as a statevariable since past
consumption impacts utility, and thus prices.
We don'twantchoice of c today to impact
prices tomorrow; so we distinguish but aggregateand
individual consumption ->justlike Big K and little K.



Note thatthis is easier tosee if we included Arrow securities;

price of als' is 9(4-1, 1,5,5'. Since 2., impacts utility today, it
will likely affectintertemporal MRS, which will that affectArrow see prices.
So use Cl-, to account for this.

LetLEX, CEY, SES, then

A RCEis defined by:
i) value functive:vi x x x xx xx xS - IR

ii) Policy As go, go on same domain

iii) Prices w(K, 5), rCK, 5)
iv) Laws of motion:H, G, such that

17
VsatisfesBellmanFEpt, give prices and belta

2) Firms maximize profitsgiven prices:

WCK, 5) =Als)FeCK, 1)

r (k,5) =Als) FrIK, 1)

3) Consistency of beliefs:

6(k,( -,5) =gc(k,k -1,k,( -1,5)

H(k,( - .,s) =gu)k,d-1,1,( -1,s)

4) Markets clear:

gc(k, -1,k,C - 1,5) +ga)k,! - ,k,( - ,5)
=Als)FCK, 1)



In theproblems we have seen this far, any vidual state
-

variable musthave a corresponding aggregatestate-

variable; and the mire of these aggregatestate variables

(along way agg. shock wars) is the aggregatestateof theeconomy.

And the variables corresponding totheaggregatestate mustbe[ included as state variables for all agents. 7
For example, in previous final exams, this same

question was asked butwithan additional

agentwith"normal"preferences:Eo[Euz(Celst))].
What are the individual statevariables for

agent2?

· Individual states for 2: ke, Az

Whatare individual statevariables for aget
1?

· Individual states for 1:C-1,1, ki, an

Thus thet"shoaggregate state variables are:

X =(5, K,K2, Ante, C-1, 1). (ecngndatsiteaI
u> E

Each agents, "statevariables consistof their

individual state variable and theaggregatestate X.



In this example, we had a quitenumber of

agents, bothof measure 1.

Butthis idea extends to NCD agents

each of finite measure;and can also

extend to when we have an infinitenumber of

agents (i.e. a continuum) butwithtotal

finitemeasure. For example, this is thesetting

in our "Arggett"problem m/y=Makow. In this case, we

had an infinitenumber of agents of total

measure of one; and with individual state

variables (bi, yi) each. Thus theaggregate state

mustdescribe theindividual state(bi, yi) for

I can infinite number of agents. Thus we use

a distribution over all (bi, yi) for all

agents as theaggregatestate; and the pob.
measure I , which describes the distribution over bonds and income

is included as the gregatestatevariable.


