
Adding Fiscal Policy
In 8105 and the first half of 8106, we

assumed that there was no government in our

models. We now add an additional agent

to our model, the "government" who implants taxes

tofinance policy. This will allow us to

investigate how households/consumers world

optimally react to different types of faces.

Adding policy to our model also enables us to

drive results on what the "optimal" policy is

·References for these notes include:

↳ Professor Jones' notes. I highly recommend reading.
~ Chapter 16 of Ljuegquist and Saget's "Recursive

Macroeconomic theory."This book is available online

through the UMN library. This chapter covers the

Ramsey Problem. Sections 16.1-16.7 one useful.
~ Jonathan Heathcote's notes "the Primal Approach
↓Optimal Taccation"

~ Past TA notis and Patrick Pierron.

Any errors are

my own



Tacc. Distorted Competitive Equilibrire

We will now add fiscal policy and government to

to our competitive equilibria (CE).

This type oCE is called a "tax-distorted"

CECTDCE). In a TDCE we assume that

the consumer(s) and fires) take both prices

and fiscal policy as given. This is a key point

Athis model, it consumers) or firms believed

they could impact government policy, they would likely

behave differently. So we avoid this additional

complication by assuming that consumets) and fink)

↓elieve their actions do not impact fiscal policy.



We will generally assume that the government has

some combination of the following face instruments:

i)Distortionary tacks:
↑Ct ↓ tacc Or CE

Txt: tax Or xt

Enti tacc or ik (capital services income
Enti tak on want (labor income)

ii) lumpson transfers: T"(If TIO it is a lump son tass;

ITFCO it is a come son payment)
We also often assume the government purchases some

of the output good, which we call youspending, gt.

Next, we define a TDCE with a rep. Consume and time

For this TDCE, we assume the consumer is faced

and faces a present value (Arrow -Debrea) budget constraint.

We also assume the government balanus its

↑resent value budget constraint. As you have seen

in PS3, you can make different assumptions about

the government's budget constraint.

Note I assume F is CRS so that profits are zero.



Definition: A TDCE in the above setup is:

i)Household quantities:E*
= GC, s, hEx, tx, N+ 3tE0

i i) Firm quantities:EF=Egg, ME, EEBEn

iii) Prices:P =EPE, r, wtBE

iFiscal Policy:E = GTC, Txt, The, Tx7, TE, g = 3Er

given bo>0, such that:

1) Given 4 and E, the representative consumer chooses ** to solver

max EBu((x, (t)
zH

D

s.7. P+(1+ (t)(+ + PE(1+x+x+
t =0

I

~

(1-Tnx)wtH+ + (1 -FatErk+ +TE
t =0

k+ + = x+ + (1 - d)bz At = 0

Mt +l+ - Nx =1 Ft =0

Ct, kx+1, u+, lx
=0 rt=0

do given



2)Given P and 5, the rep from chooses EF to solve:

mas?PYE-FE-WIE
zf

St. ye= F(bE, nE)
#hE, n+T = 0

3)Markets clear Vt =0

Ex + c+ +
y

-C+kEx - x1 -dIEx+ gt = FCREnE)gt

nF =n+

hEF = hE

4) Government balances its budget in present value:

2 PEg +Tt = E PETctC +PETectCt+TaWtNt+Th+rEx

This completes the definition.

Now, let's look at the optimality conditions.

Assume our queral assumptions on utility function and

↑oduction function. (I.e. U is it increasing, st. concars, continuous,

and differentiable; F is CRC, increasing and concave; also

both satisfy Inada).



Under these conditions, there will be a unique

equilibrium allocation (where (t,h+, nx, 1t <0 rt).

Ignoring non-negativity, the consumers Lagragion is:

2 =

n
oBu(c+,l+)

+ x(E (1-inx)w+(- (x) =D -FatEk+ +TE

- (x(x1 + +x)x+ + (1 +xx)(n(db)))
FOCS:

-

Ou(x,lt)

[x): p
+at - xP(I + Tn) =0

[n+7: BEdelt) - xw+(1 - in+) =0

(h++1): - xP+(1+ Txt) + xpx+(1+ Tx++)(1 - d) + x(1 -n++)E=0

From the box FOC, we get the "Arbitrage condition"

pe(1 + +x+) =P++(1 -d)(1+ tx++) + r+i(1 - xn ++)

We also have our usual rep. fim FOCS:

[kf): F = ReFuCt]

[n+]: Wt = PiFuCt]



Combining these, we get the take distorted versions of

Erier: Uc(t)
= BTECiUc(t+ 1)

C + xx+) (1+ rx+)

Intra. MRs. BEERKIELCH TacStFuctilian
in I

ne(t)

You can see that if all distortionary tasks were

set to zero, these are the same conditions as in

our
"normal" (Es.



Characterizing a TDCE

Given a specific fiscal policy, the following

equations characterize this TDCE:

po = 1

↑(1 + Tx) =B+dc(t) Vt
(1+ tc) u.(0)

Uc(t)
= B((1 -d)(1 + Tx+) + Fu(t+)(1- Tnx) o

Uc(t+ 1) ( + [xt) C+ xxt) I
Uc(t)

-AtFlT Vt

un(t)

no given

lim P-k++ = 0
t- 8

30P+ g+ + Tt = PxTc+Ct +PeTxtx+ +TarWtNt+Tn+reke

C+ + x+ +

gt
=F(k+,u+) Ft

wt = P+ Fult) Vt

r+
k
=

Pt Fu(t) Of

R
+ x

=x+ + (1 - d)Rt Vt

Given our assumptions, these equations are necessary and sufficient

for a TDCE.



Why don't we also need the consumer's

budget constraint? Because we can construct it

using the equations above.

Since F is CRS, we have:

F(b x, Ut)
=Fult)kx + FnCtnt

From the goods market clearing condition, we then get:

C++ k+x - x -d)d+ +

gt
=Fult)k+ + Etnti

r+/PE wx/pt

M ultiplying both sides by it and rearranging, we get:

P+ gt
=r+b+ + w+ n+ - Pt(x - P+ (k + + - (1 - d)b+)

--

Plug in this equation for page intothe government

budget constraint, rearrange, and you will get the

consumer's BC. If we instead used the consumer's

BC in the set of characterizing equations, we

could follow almost the exact same steps to

·btain the government BC (this is related to Q2PS3).



&

iffnt Tax Systems with Same Egbm. Allocation

Consider the household's optimality conditions:

Uc(t)
= Btt((1 -d)(1 + Tx+) + Fx(t+1)(1 -Tn+ ( IUc(t+ 1) (1+ xxt) (1+ xx+ )

Uc(t)
-AtFlTur(t)

As
you have seen in PS3QI, it is sometimes

possible for two different tac systems to result in the

same equilitrion allocations.

For example, suppose we have a TDCE CET, Et. 5, P3 given

& Fat, Yct. Fat, Fxt3E=0, where CTO, Fcct 0 for at least somet,

with corresponding egon HH allocation 2. The faces finance 5g + 3+80

where 9700 for at least some to (assume Tt =0 Vt).

Suppose the government now decides it only wants to

tasc labor income and capital services income; so the

new tax system is "Ent, Tut, Fx = 0, Fx =03E0

to finance [g+370.



theHA optimality conditions under this policy is i

uc(t)
=B((1 - d) + Fx(t+1)(1 -Fn+ + 1) IUc(t+ 1)

Uc(t)
= -Ent) Fnct)un(t)

To achieve the same equilibrium allocation in

the
"

hat" economy as in the "tilde"
economy, we will

require that SEnt, Eat3Eo satisfy (given Et) Ot:

Uc(t) = Bt((I-d)(1 + Fx+) + Fx(t+ 1)(1 -Fn+1) IUc(t+ 1) (1+ Fxt) (1+ Ex+ )

= B((1 - d) + Fx(t+ 1)(1 -Fx+ + 1) I
Uc(t)

ur(t)
-E

Fe
T

7
=

1 - Fnt) FnCt)

We can rearrange the equations above to get

explicit formulas for an and Tut as fections

of the "hat" faces (and the Et values).



So we have ExtH1 and at At=0, but we

still need too. We can pin down to

by making it satisfy the consumers BC in the

"tilde"
economy:

1.
PEE+ PEC =* (1 - Fnx) WINE +(I-Frc EREt

t=0

You can rearrange this to get a formula for two.

However, we also need I, we and it. We

can obtain them from the characterizing equations

from earlier:

No = 1

↑z =B+ Ut) =p(1 + Ex)
(1 + Ex)

Fr = P+FuCt)

W = P+Fn(t)
*lowing from Q1 of PS3, we also know the

government budget constraint birds.



Thus if Eat and fat satisfy the above equations

↓allt, then 92%, EF, 8,p3 is

· TDCE with fiscal policy E = dEnt, Fux, 9+3E=0.

Thus, even with different tax systems, TDCES

can have the same equilition allocation [ET, EF3.

As said on page
34 of Professor Jones' notes,

"In this sense, [Tict and [c] are redundant."

thus, in the rest of the notes, we will only

consider TDCEs with distortionary faces on wage

ocapital services income (tent and/or [nt).



Solving a TDLE

We have used a social planners problem

to solve for CE allocations previously.Why

could we do this? Because in the economies

we worked with previously, the First Welfare

Theorem always held; any equilibrium allocation was

PE. And since we knew
any solution to a

planner's problem was PE, we just used the

solution to the SPP as the equilition allocation

(if not representative consumer would use Negishis method)

But how did we know the solution to the

SPP was also the equilibrium allocation?

We can show that the equations that

characterize the LE are identical to

those that characterize the solution to the SPP.



Under our usual assumptions (listed earlier, the

ADE (with unique allocation) is characterized by the

following equations:
= rt"/PE
-

Erier: ucHt) = B((1 -d) + Fult+1)] =BPE Ut

Uc(t+) Pt+1

Intra. MRS: Ur(t) = Fn(t) =

g
Ft

uc(+)

MC: cx + k+ + - x - d)k+ = F(kx,nt) At

TVC : line BtUc(+(k++1
=0 Ft

t -> y

Initial: to given

Because of the CRS production function,
you

can also show that these equations imply that

the consumer's BC holds with equality:
CRS

C+ k+ + - (1 -d)kx =FCk,n+) = FrCtk+ +FnCtnt

Multiply both sides by Pt:

P+ (t + P= (k+ +
- x - d(k+) =tEnCHk+ + PEEnCtInt

v+* w+

Summing it will give you the ADE BC.



Now, consider our usual SPP (where n=1 vt):

Max Bu(x,l+)
[Ct, k++1, n+, l+ 3E0

st.Ct + k + + - (1 -d)b+
=F(k+,n+)

0:nt+l+ + (

Ct, kx+1, n +, lt = 0

so given

If
you let it be the Lagrange multiplier on

the goods feasibility condition, the following equations

characterize the (unique solution to the SPP:

uc(t) =B((1 - d) + FuCtH)] =B Xt
At

uc(t + 1) xt+

Ue(t) = FnCt) Vt

uc(t)

2z + k+ +
- (1 -d)k+ =F(k+,n+) Ft

lin Btuc(t)k+ x
=

0
t -> 0

no given

We see that with setting PT=X+ Ut, the equations

are identical to those in the ADE. Given the

uniqueness of ADE allocation and SPP solution, we see that the

the ADE allocation and SPP solution coincide.



In our economies where the FWT held,

we could go directly to the SPP.

However, once we add any distortionary faces

to the economy, we can no longer appeal to

the FWT. See pages 19-20 in Professor Jones'

notes for the welfare theorems in economies

with fiscal policy. The key idea is that

given E9730, the welfare theorems hold when

only lump sum transfers are used (also need assumptions on u,F).

If distortionary faces are used,

there is no guarantee we can use a

social planner's probe to solve for the egon allocation.

However, in certain cases, we can use

a SPP. We will show an example

from 2011/2012 Prelim on the next several pages.



2011022 Prelim Setup:

~ Discounted log utility: E.B"log(ce)
& Labor supplied inelastically at 1

~ 1066 Dooglas Production Faction: F(kx, n+) = Ak+ n1= Yt

~ Full depreciation: 0: 1

a)Gressfractionalaimofvalueoffunctionbea solve

↓ many
times,

bt = CxBA)5dagt
YE

=

A (IBA)* bodt+
Now assume Eat "Tat = T and uses revenue

topurchase output it in each period.
Assume that government balances the budget in each period.

6)Set up and define a TDCE in this economy.

We did this in recitation. It is the same as

the TDCE defined earlier in these notes, other

than fct"Tect: T = 0 Ot, and the government-

budget constraint is different:

Pgx = x (w+Mx + FrEx] Ut

the government budget constraint often differs

across problems, so read each question carefully.



2) Show that the TDCE allocation solves a planner's
problem and give this problem.

To solve these problems, first write down

the equations that characterize the TBCE:

it+1 = BC1-FIcAbE =

BREN Ut (i)
It

C + kix +

gt
= ARE Of (ii)

↓in Bki= g (iii)

ko given (iv)

gt
= AR* Vt (v)

+Firm FOLS ↓t

*Fon 600 BC: Pegt = + (w+nt + Fbx]

Page
= TSEnHut + P=Fu(kxT-

~

>"

P+ gt
= T(Fn(t)n+ + Fult)h+]
--

F(bx,nt) by CRS

=>gt = Ake

As before, we can construct the consumer's BC

using these equations and F SengCRS. Ty it !



If we plug in ge= Al into the

goods market clearing condition, we get:

E+bIx + TAG: ARF
=>It + kEx = ABF-TARE = (1 - t)Ab+

the above constraint looks like a feasibility constraint
in this problem

A
in a planer's problem; since 297380 is exogenous,

it is not a choice variable in the SPP and
l

thus we don't want it to appear as such in a SDP.

Looking back at the Evier equation as well,

It+1 = BCl-IIcAbET
It

We see that setting F = (I-T)A is a good

candidate for
using in the SPP.

Now, let's set up the SPP using A = (1 - x) A:

Max9a,hm3eBlog((+)
Nogt. -o

s.t. Cz + k+ +
=7k+ Vt

Ct,k + +1
= 0 Vz

ho given



As practice take the FOCs of the above problem, which
will give you the following characterizing equations
of the SPP:

itx =BCAb=B Ut (vi)

a + ki+ =ER Of (vii)

lin k=0 (viii)
t8X

ko given

where it is the Lagrange multiplier on period t
feasibility.

the Erier equations (i) and (vi) are clearly equivalent

Goods Market clearing in TDCE (ii) combined with

the found for
go (vi) gives us (vii).

Clearly if (iii)-(iv) are satisfied in TDCE, then (vii) - (viii)

are satisfied in SPP (and vice vocal.

Thus, the TDCE allocation solves this SPP.

doe) In this economy, yt= FlaBAC.** 6o6*

Plugging in F = C1-TA, it is clear that output is lower

when 70. This coupletes the prelim question.



Note that there are more difficult problems of

this type. See last year's final exam; the

solution is on Alex Wordinger's website.

In general, you cannot assume the SPP will

look exactly like our "viral" SPP, as shown

in that final exam question.

To solve these problems, you need to first

write down the equations that characterize the TDCE.

Then, look for ways you could redefine objects in

theTDCE char equations so that a corresponding

SPP will have the same char. equations.

Using your candidate redefinition, set up the SPP.

Finally, take FOCs and write down the equations

that characterize the SPP. If they are equivalent to those

in the TDCE, you are done. If not, you need to

by a different
way to

redefine things.



Ramsey Problem

this primarily follows (juegquist & saugent ((s) Chapter 16.
thechapter is excellent, and is very through
It is also based on pages 35 onward in Professor Jones' notes.
You should read both of these sources.

The Dansey problem is an optimal facation problem.
The objective of the government is "to maximize

households'welfare subject to raising set revenues through
distortionary faces." (pg. 613)

To choose the optimal Fiscal policy, the government must
know how consumers and firms would react

to any policy. FoM pg 613 of CS: "When

designing the optimal policy, the government takes into

account the competitive equilibrium reactions by
consumers and times to the tax system."
The key result we cover in this class is

the Charley-Judd result, which shows that the

the optimal long we face on capital is zero (Tu+wO as too).

(given that there is an asymptotic steady state).

Note that we restrict the taxinstruments to

be distortionary faces. If we allowed the

government touse Irup-sun faces to france

3g +30, it would optimally choose to use only the

loup own faces. However, this is not
very interesting, and

distortionary tacus seem closer to real life.

Related to this idea, we also restrict two to some

number Cor bound it below 1), since it essentially
acts as a luep sun tass. Otherwise, the government would set

Yoo as high as needed to finance all spending. We also usually bored other

taxes as well-



As stated on page 620ofis, the Ransey problem" is to

choose the best competitive equilibrion" that mascimizes

consumer utility.

In 506, we set up the Ramsey Problem using
the "Primal Approach."

In this approach, "the government can be thought of
#

as directly choosing a feasible allocation, subject
toconstraints that ensure the existence of

prices and faces such that the chosen allocation

is consistent with the optimization behavior of

households and firms." (pg. 625, LS)

Assume the rep. Consumers utility fraction is: Btuke,ex)
The Ramsey problem in this approach is (assuming go fice**):

MAS Btu(ce, It
&Ct, U++, Ut 3+r

(x + kx +1 - (1 -d)u+ + gt
=F(kx,y)OtSto

Implementability constraint (IC)

The IC can be thought of as the "real" verson of
the consumer's budget constraint. To get the IC,

you use the consumer and firm FOCS to substitute out

the pices and faces for the consumers BC.

*The dual approach is when the government chooses

tacC rates to maximize consumer utility.
*It can be endogenous depending on the problem.



Stot
I

Assume that the government uses labor and capital
income faces to finance an exogenous [g238
The government balaes its present value budget constraint

The steps for the primal approach one: (adapted from LSpg.026)

1)Obtain the first-order conditions of the household'

and firm's problems, as well as any arbitrage pricing
conditions. Solve these conditions for Spa. r, wt, ttb, en+BE
as fractions of salt, bt3E0.

2)Substitute these expressions for faces and prices
in terms of the allocation into the household's

present value budget constraint. This is an

intertemporal constraint involving only the allocation.

3) Solve for the Ramsey allocation by ↓ accimizing
consumer utility subject to the feasibility
constraint C++dtt-/l-d(b++gt = F(b+, tt) and the
"

implementability condition" derived in step 2.

4) After the Ramsey allocation is solved, use the

*mulas from step I to find taxes and prices.

Let's follow the steps above, which will allow us

to characterize the optimal long run task on labor
income and capital.



Since the only takes are tax - The, we know the

equations below characterize the DCE:

po = 1

Pt = B+dc(t) Vt
u.(0)

Uc(t) =

B I (1 - d) + Fx(t+ 1)(1 - x+x) I ↑t (TDCE Frld)
Uc(t+ 1)

Uc(t)
=Fm) Fact Vt CTLE Fetra-MRS)

un(t)

no given

↓Ptk+H = 0

1P+(x + Px(k+ + - (1 -d)bx) =

=( - n+)w+n+ + x-Tut)rbe

C+ + x+ +

gt
=F(k+,u+) Ft

l+ + u + = 1 Vz

wt = P+ Fult) Vt

r+
k
=

Pt Fu(t) Of

We also have the arbitrage condition:

Pt
=

P++(1
- d) + r+(1 - xx++)



Following Step 1, we need formulas that for

prices and taxes as a fraction of the allocation:

po = 1

Pt = B+dc(t)
u.(0)

1 - in+)w+ = (1 - Tn+) FuCtpt = PrH =Bdet
Uc(0

Wt = PxFnCt) = Btt Ful

M= P+ Fult) = BtucIt) FuCt]
Uc(t)

Now, rearrange the BC:

1P+(t - x - n+)w+n + =

·

(1 - Tn+)r+"k+ + (1 -w)b + P+
-

P+ k+ + 1

=>RHS = ((1-in+r4+C1 -876yp1 - Prbet
-(1 - tx)ro"ko + x1 - O(pob + ((1 -+n+)r+ + (1-dp)b+ - P+k+ + 1

D

- (1 - tx)ro"ko + (1 - d)pobo + 0((1 -+nx)v + (1- c)P)k +

-

z=0P+k++ 1

t =0

= (x +Tn)ro" + (1 - r)p)no + 0+CI-OlPtt-PeT



We need to use the TUC to ensure

·

((1 - u++)r+ 1 + (1 - d)p+ +1
- P+ 7k+ + converges to zero.

t = 0

To see this

kar+ (1 - d)(x - P1)k+ +
N

=

t=0P+k + +
-

P+ k+ + 1

-pod, (Po, + p,b)))p,kz + Pzbs))- p-bz + psby) -....

=

Pok, + lim

t =0

- P+k++ + Px+1k+ + 2
TWX

-

Note that for " +
1

remainder term
any Pixib++2. we havetothe

sun to converge, we need him pikite which is just
T80

the TVC (with just a change in time index).

What it, e.g. Pxkx=1 Ot?

N

The suM
t =0
PekmxPkx = 1 - H+1-1+1- 1... is divergent.

Ethe budget constraint to make sense, we need

↓im Pt=0* And since kits is on a bounded set

(since the maximum sustainable exists in this problem), we

now the TVC holds in the DCE.

*And we need it to converge to 0 "fast enough".



Returning to our BC, we now have:
x

P+Ct
- (1 - +n+)w+M +

= ((1 -Tno)ro" + (1 - d)Po]Ko
t =0

Now, plug in our formulas from earlier:

BtucHf)(x-B(uH(uz =((1 - tn)poFu(0) + (1 - c)poo
1

=Buc(t)( - ur(t)u + 7 =Uc()((1 -w)Fu(t) + (1 -d)]h

is the [C.

Thus our Ramsey problem is:

masSak,k3B+u(c+,lt)

st.C+ + x+ + - (1 - d)k+ + gz
=F(kx,1 - l+)(M+)

B+(uc(t)( - ur(t)u + 7 =Uc()((1 -w)Fu(t) + (1 -d)]hom My
1- lt Fixed/

Boveded (x)

FOCS: For t = 1

[(x): Btuc(t) -M+ - xBUc(+1 + xx(+)(+ - ux+)n+ 3
=0

[It): BTUe(t) - MtFn(t) - xBUce(ticx +de(t) - ureLt)u + 7 =0

[k + +1): -M+ + (1 - d)M+ + + Fn(t+1)M+ +
=0



Combining these, we get the Ramsey Evier:

u(t) - x(u(t) + ux(t)(+ - uxx+ )n + ] =B+
uc(t+1) - x(xc(t+1) + xxC+ +)(x +- Ux+ +)u+ +

= B(Fu(t +) + (1-d)]

And Ramsey intra MRS:

u.(t) - x(u(t) + xx(+)(+ - uxc+)n + ]
=

I

u(t) - x [Uce(tIc+ +de(t) - ureLt)u+] Fn(t)

Now, suppose in the long run, Ct, btt, lt, and gt

conroge to their Ramsey steady state values

CRP, uRP, lRP, gRP.

Then the Ramsey Evier in steady state is:

1 =B(Fu(x) + (1 - d))

Compare this to the TDCE Evier in steady state:

1 =B((1 - Tuo)Fu(x) + (1 - d))

Setting these equal, we will get that Two = 0.

thus we see the Ramsey planner optimally chooses the to

be zero in the long-run; i.e. line Tat =0.
+ 8x

Note that this is a limit; ·Tat could be high for

many years but it will eventually need to tend to 0.



How about the optimal choice of labor income faces tho?

The Ramsey tnta MRS in steady state is:

&RP =
u(b) - x(u(x) + ux()(r - un(x)nkp]

-

I

u(0) - x [Uce(0)(r + un(0) - une(0)n*] Fr(0)

And the TCE intra MRS in steady state is:

xc(x) =
ur(y) (1 -Ynx)Fn(x)

Setting these equal, we get:

&RP =vc(x)(1 - end)
ur(x)

==) Two =1 - U(x) QRP
u(p)

Only when x = 0 is [no = 0. What would

x= 0 mean? That the IC constraint is slack;

sonly the feasibility constraint would matter at the

optimum. As Professor Jones says on page 52, x =0

means
"

using distortionary faces has no welfare effects.
"

In the current problem, * - O almost certainly.
Thus two converges

to some positive number optimally.

this is the Charley-Todd result: in the long run,

do not task capital; if you need to finance spending,
tac labor income (assuming true sun faces not available).


