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1 Overview

In these notes,' we generalize the infinitely lived model with a single household
and allow there to be a N households. We define ADE and SME for this case
(this part is identical to the recitation 5 notes). We also define Pareto efficiency,
the social planner’s problem (SPP), and write down the Bellman equation for
the SPP.

At the end of these notes, we also define ADE and SME for a two-period OLG
model with production and N types of consumers.

2 ADE/SME with Production and N Infinitely
Lived Agents

In recitation, we discussed the case when labor was supplied inelastically? and
there were only two households (N = 2). T write the general case here. Note
that since we have N households, we set I = {1,2,..., N}.

We assume the following endowments:
e Time endowments® of £} Vi € I, Vt
e Initial capital stock k} >0 Vi € I
e (If in SME) Initial bond bj =0 Vi € T

Be careful with notation. The notation I use here is different compared to
what we used in recitation. In these notes, n is labor and [ is leisure.

IThese notes are adapted from Professor Tim Kehoe’s lectures, Alex Wurdinger’s Fall 2022
recitations, Professor Larry Jones’ notes, and past Econ 8105 TAs’ (Conor Ryan and Monica
Tran Xuan) teaching notes. I do not claim credit for these notes and errors are my own.

2Since leisure was not in the utility function, the households supplied all of their endowment
of labor.

3The households choose between spending time on labor (n) or leisure (I). The sum of
time spent on labor and leisure for household ¢ in period ¢ cannot exceed Z,l; (i.e. ni + li < l@)



On the next two pages, I will define an ADE and SME with production and N
households.

If you set N = 1, you will get exactly the same ADE/SME definitions as I
defined in the previous set of notes (in the single agent infinitely lived model).
If you set N = 2, the equilibrium definitions will be identical to those I discussed
during recitation 5 (other than the labor supply choice).

Definition: An ADE with production and N households consists of:
i.) Household Allocations: ZHi = {ct, t_H,nt,lZ}t o Viel

ii.) Firm Production Plan: ZF = {3/ &/ n }t:O
iii) Price System: P = {p;, 7,0, 152,
with ki = ki Vi € I given, such that:

1.) Given P, household i € T chooses ZH to solve:

max Zﬂtuz(ci7lz)

{Ci’ki+1’n:!lz}?o=o =0

s.t. Z i(ch+ ki — Z wynt + FRED
t=0 t=0

ni 411 < 0 Vit
ki, lh,mt >0 Wt

l;:é =k given

2.) Prices are s.t. the firm chooses ZF to minimize costs and make zero profits:

3.) Markets clear in each period:

N
(Z ct> + ko —(—-0)kf = F(k],a]) =9/ vt (Goods Market)

i=1

N
Z/Acz = ki vt (Capital Market)

N
Z nl =ni vt (Labor Market)



Definition: A SME with production and N households consists of:
= {Ct7 t+1?nt?l bt+1}t o Viel

i.) Household Allocations: Zt =
ii.) Firm Production Plan: ZF = {y75 kL afyee,

iii.) Price System:* P = {rt LWy, O}
with ko =k{ Vi€ I and b =b) =0 Vi € I given, such that:

) Given P, houschold i € I chooses Z to solve:

oo
t 71
o max Brui(cy, i)
{ehskp1mislinbi 11520 ;
— &)k + bl < wyni +7rkL + (1+70)bE Vit
bi > —B Vit

ni 411 < 0 vt

st o+ ki —(1

ci,kiﬂ, i,ni >0 Vt
=0, I%f) = l_cé given
) Prices are s.t. the firm chooses ZF to minimize costs and make zero profits
i = P af)

=Rk al) vt
wy = Fo (ki ad) vt

3.) Markets clear in each period:

= F(kf,al) =9/ vt (Goods Market)

N
Zl%} = ki vt (Capital Market)

Z pl =nl Yt (Labor Market)

4Notice that I use a ”tilde” here to help you remember that the SME wages and rental
rates are not necessarily the same as those in an ADE. In fact, given the same endowments,

we know the relationship between these are: wy = w¢/p: and Tt =7y /pt



Consider the market clearing conditions. We can rewrite the goods market
clearing condition as:

(£)-(Ee) o5
= () (o)

= Z(éi#—fciﬂ—(l—é)l}i) :F<‘

i=1 i

[]=
I

=
&

N———
RS

N N
PEN Z(é§+%§)= (Zk Znt> Vi
i=1
Where we use the formula for household i’s gross investment in period ¢:
% = kt+1 (1- 5)]9;

We can clearly see that the amount produced by the firm at period ¢ (RHS)
is equal to the sum of consumption and gross investment across all of the N
households at period ¢ (LHS).

We also notice that the firm rents capital services and employs labor from each
of the N households. In equilibrium, the amount of capital services supplied
must equal the amount demanded, and the amount of labor supplied must equal
the amount demanded.

The capital market clearing condition says that the total amount of capital
services supplied by the households Zf\il ky is equal to the amount of capital
services demanded by the firm k{ across all periods. Thus in equilibrium, we

require that:
N
> ki =k vt
i=1

Similarly, the labor market clearlng condition says that the total amount of labor
supplied by the households Z i1 At is equal to the amount of labor demanded

by the firm n{ in all periods. In other words, in equilibrium:

N
S

i=1
Finally, in a SME, we need the bond market clearing condition. For all peri-

ods, we require the amount of borrowing and lending to sum to zero across all
households in equilibrium:

N

S b =0 v

i=1



3 Pareto Efficiency and SPP in a Production
Economy and N Infinitely Lived Agents

In the infinitely-lived model with N types of households, Pareto efficiency is
defined as follows:

Definition: Households’ (real)® allocations Q% = {&, ki_,,ni,11}3°) Vi and
firm production plan ZF = {g}{, lActf, ﬁ{},?io is Pareto Efficient if:

1) {Q"}ier and ZF are feasible:
N .
(z ) k= (L= O = P =3
=1

l%égl%é Viel

H
;Tw

k

M

nl=nl vt

'MZ

=1

ekl ALl >0 Vel

a1 <0 Vel
2.) There doesn’t exist other feasible household (real) allocations Q7 = {&, ki 41,7, li}ye2, Vi
and firm production plans ZF = {g/ &/, ii! }t=0 such that:

iﬁtui(ct, H i S Yiel
=0

t=0

Zﬁtuj(; / >Zﬁtuj Z some j el
t=0

When N =1, this is the same Pareto efficient definition as shown by Professor
Kehoe in his midterm solutions. We can now define a social planner’s problem
in this environment; however, this problem does not solve for the individual
capital stocks /Afi, it can only solve for the aggregate capital stock k= Efil 1212

5“Real” as in not including bonds. For Pareto efficiency, we only care about physical
(“real”) constraints like the goods, capital, and labor market clearing conditions.



Definition: Given non-negative Pareto weights® (aq, ag, ..., an) and initial
capital stock kj Vi € I, the Social Planner’s Problem chooses
WHE = {ét nt 1i}9°, Vi € I and aggregate capital {k;}22, to solve:
N

max «; Blui(ct, 1t
D> (z Nz a)

i=1

N N
s.t. (Z c§> + ki — (1= 0)ky < F(ky, Y ni)

i=1 1=1
ng+ 1 <0 VtViel
Aonilik,>0Vt,Viel

N
ko <ko=) ki
=1

Again, note that the social planner solves for {¢i, ai, 11152 Vi € I and optimal
aggregate capital. If we instead assumed that the social planner solves for
ki V¥, t,i and plugged in k; = Zfil ki Vt, we would find that the exact values
of ky are indeterminate. Therefore, using the social planner approach we can
only solve for optimal aggregate capital.

We will now write the Bellman equation for a stationary dynamic program-
ming problem.” To write the Bellman equation for a stationary problem, we
need ¢! to be constant across time for all households.® Here is the Bellman
equation under this simplifying assumption:®

N oS
ViR = max {Z a (; Btui(cl,lz)> + BV(k')}

i=1

N
s.t. (Z ci> +K — (1= 0)k=F(k, Y n)
i=1 ]

n'+1' < Vviel
ot UK >0 Viel
Once we find the policy function for capital for this problem, k* = gi(k), we
can plug in ko = ko = Zf\il ki and solve for k; = gi (ko). We can keep plugging
back into the policy function to get the optimal aggregate capital from the
planner’s problem {k:}2,.

61t is easiest to assume that Zj\;l a; = 1.

7We assume that the utility functions and production function meet the required conditions
described in SLP.

80r, if labor is inelastically supplied, we only need Zf;l Ei to be constant Vt.

9See Question 3(e) on the 2021 Final to see when we may need multiple value functions. In
that exercise, since labor is not supplied inelastically and since time endowments vary across
periods, we will need a value function for both odd and even periods.



4 ADE/SME with Production and N Types of
Consumers in Two-Period OLG

In this section, we assume that there are N types of consumers in an OLG model
where each consumer lives two periods (other than the initial generations). Thus
there are IV initial generations, and each of these initial generations are endowed
with fiat money m®. As above, we will assume that time endowments are (i, (it T
for each generation.

Definition: An ADE with production consists of:
i.) An allocation for each generation for all types: (¢10 10 [0 ko),
{cit7 ﬁit> l§t> kﬁrlﬂ éiih ﬁiih lﬁrl}toil Viel
ii.) Firm Allocation: Z¥ = {§/, kI, af 52,
iii.) Price System: P = {py, 7¥, w0 }52,
with ];11'0 = ki® Vi and m' Vi given, such that:

1.) Given P, initial generation of each type i € I chooses (&0,70, [0 0)

to solve:

max U(c,1%)
C'LO LO lLO
1

sit. pre < ani® + (11— 8) + )KL + m'
niO +li0 < éiO
A ni 10 >0

K given

it~ it ~

2.) Given P, for each type i € I generations ¢ > 1 choose Z' = (¢t pit, [it N AN i)
to solve:
Héaxu(clt 1) + U(Ct+1a lt+1)
o . A . o R _ R "
st Pe(clt + kL) + Prrrcyy < wenyt + eani’y + (Beea (1= 0) + 7pq )k
1t 4 lit S eit
it
niy + lt+1 Ef-&-l
it
Ct ;N alt act+1ant+1alt+17kt+1

3.) Prices are such that the firm chooses Z¥ to minimize costs and make zero
profits:



4.) Markets clear Vt

N
3 (é;‘t T R (1 5)1%;’“) =Pkl al) =g/ wt

i=1



Now I will define a Sequential Markets Equilibrium with production in a

two-period OLG setting with N types of consumers.

Definition: A SME with production consists of:

i.) An allocation for each generation for all types: (

{ét RNE kt—&-labt—&-laéiilvﬁ%il’ t+1}t L Viel
ii.) Firm Allocation: Z¥ = {3/, kI, al}s2,

iii.) Price System: P = {72, 7F w,}2°,

with k0 = k10 Vi, b0 = bi® = 0 Vi and m’ Vi given, such that:
10 40 le ]%10) to
» 1

20 210 7i0 7.i0
C1 Ny 711 7k1 )7

1.) Given P, initial generation of each type i € I chooses (¢, 7%°,
solve:
max U(c, 120
¢i0 730 110 (e 1)

st 0 <ani® + (147 — 0k + m!
10 _|_le < eiO
A0 ni0 10 >0
b =0,kY given
2.) Given P, for each type i € I generations t > 1 choose 2 = (&it, nft, I, ki, 1, bit y, &t il y 1% ,)

to solve:
mZax u(c” l”) + U(CtJrlv lt+1)

st b + ki + bk < oenl,
iy < Wepang o + (1+ Fron— 0kl ) + (L+ 7 )bl
nit +lit < it
niy + i < 64

it it it it
¢ sngy Ct+1ant+1alt+1vkt+1 >0

3.) Prices are such that the firm chooses Z" to minimize costs and make zero

profits: .
of = F(kf,al) vt

4.) Market clears Vt

N
S (@ et ki - -0k = F(Lal) = af v
i=1



N t N
> b = [H(l + fﬁ)] (Z mi> vt > 2
i=1 =2 i=1

This completes the SME definition. Notice that the bond market clearing con-
dition implies that for N > 2, trade can still occur between households even
when there is no fiat money (m! =0 Vi).
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