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Adopted from÷::::Why are we doing this ? am.am" " '

• Infinitely lived with production :

We started with two types of CE and

showed that they were equivalent given same endowments :

(ADE ⇔ SME )
then we showed that these equilibrium could

be mapped to a SPP by the welfare theorems :

↑

SWT social plane's problem
⇐

⇒ SPP
FWT

Now
,
we want to map these SPP to a

dynamic programming problem :

⇔ DP
cÑp

Just as the welfare theorems only hold under

certain assumptions , specific conditions have to

be met in order for SPP ⇔ DP to be true
.

SLP discusses these conditions .

So we have :

( ADE ⇔sME)ÉF SPP DP . Let's use this idea :

FWT



PS3 Q2 : We want to calculate a SME with production .
We map SME ⇒ SPP DI?

FWT

Then we find the DP policy fictions and use DP ⇒ SPP ⇒ SME
.

SLP SWT

I

↳ Solved glut = k ✗ POKE = • BYE using
DP problem .

CCK;) = Ct = ⑦ KE - KE , = -0k£ - ✗ 130k£

= -0kt (1-2/3)

⇒ cckt ) = ( 1- ✗B) 0k£ = ( 1- ✗ B) yÉ

Household eats and invests a constant share

of total output .

Using the initial capital stock , we can solve glke ) forward :

k+*= Capo)¥I ko
"

at ≥ I

SME :
It = cckt )

kit , = 91kt)

bi = 0

risk = ao-glkt.it
"

w^e= ( 1-a) ⊖ glkt - , )
"

I + IF = / + Fth - d = rite by no arbitrage
i

= > Ñtb = Ñtk - I



Using our ADE /SME equivalence results
,
we can calculate the ADE:

ADE : E- = clkt )

Ñt+ ,
= 91kt)

F. = I

F- = I

1%(1+5.6)
Ht ≥ /

5--1

= pi-ao-glkt.it
"

Ñt = pill -a) 0-glkt.it

We see that solving a dynamic programming

problem allowed us to calculate competitive equilibrium

because the mapping
CE⇔sPP⇔DP

holds in this case .



Steady States

A steady state is an equilibrium such that

optimal quantities are constant over time .

In an SME w/ I infinitely heed
agent

and inelastic labor supply ,

this means :

É+=É= E tt

ki - ki " = ti at } HH
E- = 5*1=6 Vt

k¥=k¥ .
= Ñ It } Firmji = yi.at = jf v-t

In this equilibrium ,
since prices are functions of

constant variables
, they are also constant .

As I mentioned in class
, depending on the market

structure
, prices do not necessarily have to

be constant in a steady state .

For example , in

an ADE
,
we require piso as too quick enough

so that the RHS tuts of the APE budget constraint converges .

FE=r%+i=r " "t

} Price systemÑt= we,
= Ñ It

Ñ=rti , = Fb Ht



Use FOG and ML to solve for SS :

Euler equations : ¥_ = / + riki = Ñk
,

=3 I

B-
= / + Fb = fr ;

W' + = ( I -a) 0-6+0 ⇒ in = ( 1-a) ⊖ tea

fth = 20-6%-1 ⇒ ¥ = ✗ ⊖ it
-1

⇒ k^ = (plz)
±'

= [ f ; y^f = ⊖ ted

⇒ [ = 0-62 - ñ ; 6=0

To summarize
,
the SME steady state satisfies Ut :

E- E-- Olio - ti

6%-5=0
E- ñ=(¥)÷=(aop)÷ } Household
iii. E-=ñ } Firmy^¥=y^f= ⊖ if 2

rib -_ pit = 1/13
Fie -_ in = YB - I

Ñ-=w^=c , - a) ay,
} Price system



Thus we infer that if the initial (giver ) quantities

are equal to their steady state values
,

which in this case means 6-0--0 and Io = 4130 )

then the
economy will optimally remain at those valves

for all periods .

We know from above that optimal capital stock

at period t (given
ki ) satisfies :

k;= Capo)¥ik◦
"

at ≥ 1

Now
, suppose the initial capital stock was

equal to the steady state value
,
E. = (apo )

÷
.

We infer that we should get Ñt= 6130 )÷ ft
,

but let's test this using the policy function :

k;= Capo)¥ik◦
"

at ≥ I

= Capo):¢430 )÷ )
"

= ( apo ) = Capo )÷

Thus
, given to __ (2/30)

'÷
, optimal capital is equal to

Ñ= Capo )÷& for all t , just as we expected .



As a look- ahead to 8106
, we can also see

that for any initial KT
,

Ñt and It .

will converge to less and Css as 1- → no
.

To see this
,
consider the capital policy function :

hiii-gckel-apo-k.in .

Since a. 13,0-70 and ✗ ELO
,
1) by assumption ,

the graph of k '=glk ) is :

hi
^

¥
- -

i gck )

i.
. . .

!
" - " '

"
"
"

"

!

i i
l

'

i i. i
yyso

!
,

!
'

> k
Ii less iño"

we see that if we start at ki - less or

Ñ : > less
,
the capital stock converges to less

.

And since ki - less as tox , then CE - Css as well
,

since Ct is a function of Kt .

We can also clearly see that less is the fixed

point guess )
-

_ less
.



Dynamic Programming Part II

our simple examples .

See

Blackwell 's sufficient conditions
:/
"" " ᵈᵈⁿᵈ ¥

SIP for general definition .

Let KEIR -1
,
and let ( ( K ) be a space of bounded

functions v : K - IR
,
with the sup norm

.

Let T:( ( K ) → (CK ) be an operator satisfying :

i ) Montonicity : If V.WEAK ) satisfy ✓ (b) ≤ woe) V- KEK,
then : (Tv )lk ) ≤ (Tw ) ( k ) V6 C-

Kii) Discounting : 7 some 13£10 ,
1) such that

[Theta ) ] ( k ) ≤ ( Tu ) (b) + Ba V-vtkkl.ci ≥0
,
KEK

Then T is a contraction with modulus P- M

[Note : ( ✓ + a) ( k ) = v64 -1 a ]

Write our operator from before : /E. g. : flk) = Ok' -14-016 ]

TIW )lH= Max { ulflk ) - b
' ) + pwck 't }

S.t. K' c- { tick / 0≤ b' ≤ fuel }

= ulflk) - goes )+ Bwlglk) ) ; E-glh)

we need this to be bounded V- WWE ((K )
, V :K→R+

where (CK) is space of bounded functions
.

Since woe ) c- (( K )
, by definition Wlk) is bonded

.
We

just need to ensure ulfckt ) - k
' ) is bounded

at the optimum . We assume u is continuous
,
St

. increasing ,
is unbounded from above & v10) is finite

. E. g. uld
= 4

,
0£10,D

Also assume u does not depend on leisure
,
so labor supplied inelasticity .

Thus we set FCK-i.lt )=⊖kElt
'"

to Flkt
,
1) =⊖kÉ ; ↳ =L .

We will vtimately bound ut ) by setting a

finite upper bound for K ≤ 112-1
,
the set of

possible values of capital .



Maximum Sustainable Capital
Both finiteHow do we pick this bound ?
ruin

We already know that we shouldnt K= [ 0
,

max{ ko
,
ñ}]

,

where Ñ is the maximum sustainable capital .

However, a good question was asked in recitation -

why don't we just pick an arbitrary
upper bound

, say
Ñ
, and set 11=10

,
I ] ?

One reason is that we do not

want the agent 's optimal choice to be

impacted by our choice of Ñ
.

If Ñ is too low
, then the agent

might get
"

stuck
"

at this value of capital , even

though they want to have a higher capital

stock
. To see this

,
remember that the k

'
choice

given
k must satisfy K' c- { K'Ek / 0 ≤ K' ≤ flk )}

.

If K= [ 0 ,Ñ ] and É is too low
,
the agent

may want to choose k
"
> É ; but it is not an option since

K'
*

is not in K
.



To summarize ,
we want to pick the upper

bound of the K set so that it doesn't

affect the agent's choices
.

This is why we are interested in the maximum

sustainable capital IMSL) . It gives us an explicit

value for the upper bound on K that

won't affect the agent 's decisions
.

At the maximum sustainable capital , none of

the output is spent on consumption ; 4- = 0 .

All of output is spent on investment .

From feasibility ,
this means :

¥ -1 kt -11 = f( let )= ⊖kF + ( 1-d) let

= > ktti = -0k¥ + ( 1- f) let

⇒ bet , - (1-f) kt = it = -0kt

Since it is gross investment
,
we see that all of

output is spent re - investing in the capital stock .



But we also need the maximum sustainable

capital to meet another condition :

After investing all of output back into capital ,

the capital stock is unchanged .

At the maximum sustainable capital value , even

if the agent inverts all output into capital ,

the capital stock remains the same !

This is why it is the maximum sustainable

capital ; it is the highest level of capital stock

that can be sustained over time
.

Additionally ,
we want to make sure that if

the initial capital stock KT is higher/ lower than Ñ
,

and if the agent only spends output on investment ft ,

then Io
,
k

,

= 0-6%+4-0)ko
,
kz=⊖k! -111 -d) ki

,
k } , - -

,
ten , - - .

converges to Ñ
.
For example , we don't want to have

k
,
__ flko ) , kz=f( hi ) , _ .

. ,k±=f( let -7
,
- . . Converging

to + •

if Ño > Ñ
.



If Teo > Ñ and let filet ) → + ✗
,

then the agent
may want to pick let such that let → • ; but this is

not possible since K is bounded above by max { to ,Ñ }
.

Again ,
we want the upper bound of K so that it

never affects the agent 's decision making .

Now we are ready to define the MSC :

• The maximum sustainable capital Ñ satisfies :

a) Ñ > 0 (and finite )

b) Ñ = f- ( ti ) ( = ⊖Ñ + G-d) Ñ in our example )

c) tf KJ > 0
, lit? flkt ) = .li?xkt+i--k~

where Ktn = flkt) ft ≥ 0

Notes on this :

a) Ñ= 0 would not make much sense .

b) Ñ= fcñ ) says that all of output is

spent on investing in the capital stock 6--0
.

c) Says that for any initial capital stock
,
if

the agent only sent output on capital ft , then
Ktn would converge to Ñ .

We can see (b) ,
'

k
'

= [ = FCÑ ) = ⊖ñ - + a-d) ñ

looks a lot like a fixed point of b' = hlk ) !



Define k
'
= hlk ) = -0kt + G- d) k

.

hlk ) is equal to next periods capital stock when 5- 0 .

A non
- zero fixed point for hlk ) satisfies :

HCÑ )=Ñ > 0

⇔ ⊖ñᵗ + G- d) b- = Ñ = > Ñ = (g)
÷

We can solve for this fixed point algebraically ,

but we need to make sure this Ñ > 0 actually exists.
and satisfies the convergence property .
Set LHS = Ilk )= 0-62+11 - f) k

RHS = RCK ) = k

let's try to see if Ñ exists under certain parameters :

i ) Assume ⊖ > 0
,

✗ C- (0,1 ) , [c- 10,1 ] .

We know ↓: L' (b) = hi;•a⊖k
" '

+ (1-0)--1-0<2

and E. ◦ L' (b) = + ✗
.
We can also see

that Llk ) is strictly increasing ,
concave

,
and continuous

.

From these
,

we can infer that UK ) crosses

the 45° line once fork > 0 ; this is the same as

7 ti at . LCÑ )=R(ñ ) ⇔ -052+4-015=5
.

We find that the fixed point exists t Ñ=(%) a



We still need to check the convergence property .

Using the plot below
,

we can see graphically
that Ñ exists

, that that the

convergence property holds for both ñi< ñ and Te" > ñ .

k
' ^

¥
- i µ

i. ! 8kt -111 - f) k=fCk)

?⃝ I 1

i :
'

,

'

145°
'

i ; I > R
ñi kño

"

so for ⊖ > 0
,

✗ C- ( 0,1 ) and felt
,
I]

,
MSC Ñ exists .

ii ) what if delon )
,
⊖ > 0

,
0=0 ?

Does a maximum sustainable capital exist ?

att ) Does 7 ñ > 0 at . ⊖ñ&+ I = 6 ?

Rearranging : ⊖Ñ& = 0 = > Only true when E- 0
.

0k£ -1k
hi "

k

L' ( k ) = ✗ Oka
- ' + I > I Ate ⇒ LCK) never intersects 45° for K'0 .

⇒ Thus when f- 0 a MSL does not exist .



ii ) what if a > 1
,

⊖ > 0
,
deco

,
I ] ?

at b) Does 75>0 sit
. ⑦ tea + (1- d) te = Ñ ? = > Yes

^

c) Is convergence property
• satisfied ?

⇒ Ng .
If Iii > Ñ

,
then

ktiiflkt ) → + x

it ñ: :< ii. am
ktti = f-( ki ) → 0

.

>
= > When a > ! , MSL

ñi Ñ ño" does not exist .

We see that for fue)= D- led -14 -07k
, we must

assume ⊖ > 0
,
at (0,1 )

,
and fE(0,1 ] for a

maximum sustainable capital Ñ to exist .

Thus
,

we define the functions in ( (K ) sit .

V :K→lR+ where k= [0
,
max{ ko

,

Ñ } ]

This implies that the highest possible value of ulflb ) - b ' )

is max { ulkol, ulñ ) } ,
which is finite

.

Thus we know our operator maps

from a set of bounded functions to bwndd functions
.



To summarize , for a maximum sustainable capital
to exist the following conditions are sufficient :

• dt (0,1 ]

• Production function FCK ) satisfies :

i) Continuous
, increasing ,

and concave inKii) f- ( 01=0 ( we just always assume this )

iii ) kimono Falk )=0

iv) 1h10 Fulk) = + •

Thus
,
if we assume the above

,
we have

implicitly bounded the utility function from above .

You can see that in our example above
,

f- Get )= 0k¥ satisfies thee properties , and

we also assumed OE( 0,1 ]
.

④ For this specific case when labor is

supplied metallically .



Now that we know T : CCK ) → ( CK ) for sure
,
we

can apply Blackwell 's sufficient conditions for a contraction

We have our operator :

TIW)lH= Max { ulflk ) - b ' / + puck
' ) }

lit /0,4kt ]

i ) Monotonicity : Take w.VE ( ( K ) sit
.
wlk ) ≤ Vlktvktk ;

⇒ ulflk ) -6 ' ) + pwlk
' ) ≤ ulflkl - te ' ) + puck

' ) v. b 't [0, fuel]

⇒
Max ulflk ) - b ' ) -113W (ti ) ≤ max ulflkl -6

' ) -1131k ' )
0 ! b' ≤ flk) 01k '≤ flat

= > Tlw)lk) ≤ Tlv)lk ) fleek ✓
ii ) Discounting : Pick a ≥0 .

TCV + a) (b) =

Max { ulflkl - k
' ) -1131Wh

'

) + a) }
0≤ K' ≤ flu)

= max { ulflkl - ti )+ Broil} -1Pa
0≤ K' ≤ flu)

= Tlv )lk ) -1Pa

Thus TCU + a) 1k ) '- TWIN -1Pa and BELO ,
1) by assumption . ✓



Thus our operator 1- is a contraction w/ Mod P &

we can apply the Contraction Mapping Theorem :

Definition :(MT : If (CCK )
, p ) is a complete metric space

and T:(04 - CCK) is a contraction with

modulus 13 ,
then :

i ) T has ÉÉFÉne fixed point vins

ii ) For my initial voes
, pctnlvo ) , v / ≤ 137rad

•

We can pick any
initial bounded function Volk )

and we know 1in
n→•

Until b) = V76 ) = TLV " ) / k ) at .

Think)=V%h)= Max { ulflk) - b ' ) + puck 't } .

0 ≤ K' ≤ flhl

When we do valve function iteration IVFI ) on the

computer , we do not perform an infinite

amount of iterations
.
We iterate until :

%.fr/Vn-nlkl-Vnlh ) / < C-
, where C- is

our
" tolerance .

"

we usually choose C- very small
,

like 10-8 .



We know that with every iteration
,
Vnlk) gets closer

to V46 ) by the CMT
.

So we choose a small E
,
as it tells us

that Vneilk ) and Vnck) are very , very similar .

Since we get closer to V0 each iteration
,
if plvnxilkl.vn/k) ) is

very small
,

then plvn-izlktvm.lk) ) will likely also

be
very small . This gives us a reason to stop the iterations

once plvn.nu ) ,
Vnlk ) ) is small enough (< c- )

.

See
my website for Python wde to help with VFI .

Matlab code is also on Alex's Wurdinger 's website .

↳ Nde : Matlab code is more like Excel VFT

and thus might be more intuitive
.

^



Guess and Verify

In certain cases
,

we can
"

guess
"

the

functional form of VCU )
, and then

"

verify
"

that that guess is correct . We verify by checking

that the Euler equation and TVC are satisfied
.

You have already done this in PS3
.

You guessed Vlk / = aotailoglk ) and solved

for ao and Ai •

Next
, we will do the save but for a

more complicated example .



Final 2020 Q3

spp : Max { Pt [ logct-nogll.lt ) ]
f- 0

sit . 4- + let " E -0k£ le' -2 ( Xe )

( t.be?- 0
,
let [0,1 ]

bot Ño

a) Write down Euler t TVC :

FOI :

[Ct ] : 13¥ = it

[ he ] : Pᵗ¥µ = 7+(1-2) -06+21+-2

[ Ktn ] : Xt = Had 0k¥ 'ltÉʰ

EVI :

ct÷= pao-ki-i.lt

Intertemporal MRS : Ct 8
=
( 1- a) 0-6+21+-2 = Fe / kyle )

1- lt

TIC : ¥?
.

Xtkt " = 0



b) Formulate Bellman : Guess vlkt-ao-a.bg K .

Bellman Equation :

Vik )= max { fence + rennet] + pvck
' ) }

C, L ,
K

'

c + le ' ≤ -0621 ' -2

c. b
' ≥O

,
lt[0,1 ]

VCK )= Max { [entail" - a) + Jena -A) + pick
' ) }

l , K
'

b' c- 10,0Wh
"]

,
lt[0,1 ]

Guess :

V14 =

may:{ [bloke
"
-Henna -d) + plaotailogk

' ) }
b' c- [0,0Wh

"] ,lt[0,1 ]

T0Islaoio

1h ' ] : I Ci )
Gk'll

- a- 6 ,
= Bak'

[l ] : 11-210-621
"

( ii )
É

= ¥
( i ) : k

'
= Pa ,

-0kV" - Paik
' ⇒ K' (1+139)=1390-6211-2
⇒ b' = Ba ,O- tell ' -2 ( iii )

I -1Pa ,



( ii ) : ( I - d)0-621-2 _ ( 1- a) owe
' -2

= power
- a
- gkF( iii

)

0-4%-2

¥→[ ( I -210-621-2 - ( 1- d)Owl
' -7=180-6.211-2 - rpa.am '

" ]
I -1Pa ,

⇒ - (1-2)=811 - Bai )
I -1Pa ,

⇒ ÷ = -7.1¥::¥,÷)+ '

⇒ 1=4%1*1+4,%¥:')
⇒ l = ( 1- a) It -1Pa ,

)

ñ+

and K' = Ba .
0-6211-2

I -1Pa ,

Plug l and k
' back into value function :

V16 ) = ln(⊖iil*
' -2

-

Ba .ae't ' -2) + yen ( ex )
I -1Pa ,

+ Pao -1 Pa , log / Raoul
""

)I -1Pa ,

=en(⊖ñe•
"

/ 1) + renter

+ Bao -1Pa .bg/0-kV'
"

l!?÷
.

))



= lnlo-kae.it )+ln(¥a
.

) + 8ln(l* )

+ pao-ipa.bg 10kV
" ) -1Pa

.bg/,!?;-..)--ln(,!j..)+BailY,!?;;-.)+renlem+Pao
+ lnlt

" -

2) + pa.tn/o-l
"" )

+ alnlk ) + Paidlnlk ) } 20-11-1913 )lnlk )
=ai-a.lu#w--sa,--x+a13a

,

I

⇒ a. (1-213)--2
=3 a

,
= a

1- xp

Can now solve for ao as well . (Tyitaspndiu )

Now that we have a
, , we can solve for

our policy functions
.

lck)=l*= ( 1- a) ( I -1Pa ,
)

É
=
(1-2)/(1-43)
8+11-2%4- ✗ 137

=
( 1- ✗ I c- (0,1 )

811-2137+(1-2)



g. (b) = b' = 1390-6-1 ' "

= p(⇒)⊖kde ' "

I -1Pa , 1+131%-3,7

= 1320-621^-7*3 )

¥"
= 1320-621*1-2

= > gck ) = b'
*

= 1320-621*1-2

⇒
((b) = [

*
= D- Kali

' -2
_ g( b) = oil

' "

4- xp)

⇒ t.lk)=l* =

811-2137+(1-2)

c)

verify.EU#:Ct-;-=Pa0-kiii' le ⇔ ( c- + I

G- 132k¥,

'

1+1,52

= /

Intertemporal MRS : Ct 8
=
( 1- a) 0-6+21+-2

1- let

⇔ Ctr

( 1-1-14 -210-6+21+-2
= /

TIC : 1in Xtktei = 0
1- → no



Plug in the policy functions :

=
☒kt://i-ii-pao-te-F.GE!Eder :

pale,¥eE
'

( ⊖ kilt? - Paoletti
-2) 1320k¥ hi:#

= tpa
Paoletti-21¥ ) ki

'

= ktxl

13×-0*+5
= k =) ✓

let -11

Intertemporal Mrs :

Ct 8

( 1-4-74 -d) 0-6+21+-2
= ✗ ( 1- ✗ B)# lets

(1-1+711-2) 0k¥#

= 41 - xp ) let
( 1-2) ( 1- It )

= r( 1- ✗ B) )
811-2137+(1-2)

G-a) ( I -

¥E%n
)

811-21371-(1-2)

= I ✓



TIC:

tim
tons 4¥ Ktn

= Iim Pᵗ keel
1- → ✗ ⊖kÉlÉ - keel

= Iim
tons

Pᵗ 2130-6+2
- ' le

' -2

0-6+4't-2-2130-6+2 It
' "

= / im Pt 0--4*-2213
tons ⊖¥tJ

= Iim

to- a!?⇒B=0 ✓

⇒ 91kt , llk) , and CCK) satiety Euler ,

intertemporal MRS t TVC game

We have guessed Vlk)= aotailogk ,

solved for ao
, a ,

and the policy function

and then verified the policy functions satisfy

our necessary ( optimality ) conditions
.

Thus Vlk )= aotailogk is true
.


