
• SLP chapters 3 & 4 have most of this material . Zach Swaziek

I hope to type this up when I have time
.
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• Into
.
to Dynamic programming

• We have planner problems of the following form :

x

Max Eptlncct ) [ e. g. fat)= FCK. )+( 1- d) hit
{ctikti.BE?t-- °

s.t.ct-kt-n.flk.tl ft
Ctiktti ≥ O
ko given

a

Rewrite as : max [ ptlnlfckt ) - Kee , )

{ htti }t? to

sit . knit { kt+iᵗK / 0 ≤ 6++1 ≤ f(k+ ) }
☒
KHR -1

Now to adapt to SIP notation , let :

Flktikte ,
)= lnlflkt ) - let " ) "

return friction "

The ) -- { let ."ᵗk|0≤h⇔≤ flkt ) }
Then we have :

x

( SP ) Max [ Flktikt " )
in

"

seance { ktt, },¥ t=o

problem "

sit . that Plkt ) tt
ko given

This is referred to as the
"

seance problem
"

(SP )

in SLP.



F-
hat

.

The solution to this problem : { k++i3t% is an

infinite sequence of quantities . Because of their dynamic nature
,

these problems are difficult to solve
. It's very difficult ( or impossible)

to solve this analytically by taking F-OCS and using the optimality condition.

What about using a computer to optimize ?
Well

,
the computer would be solving for an infinite -

dimensional vector
,
which isn't feasible either (to

my knowledge ) .

We would rather have a simpler problem to solve ;

one that provides the same solution but for which you
do not to solve an infinite dimensional optimization

problem for . For example, from the SP above
,

we would rather have a problem of the form :

(FEI Vlk )= max { FLK.AT/3Vlk ' ) } ltkek
W

"Functional h
'

Eauahin "

S.t. b 't P(b)

This is called the
" functional equation

"

(FE ) or the

Bellman equation . It's called a FE b/c the function
V is unknown

.

This is the "
recursive

"

formulation of SP.

The beauty of the Bellman equation is that its solution is a function :

k
' :
glk ) ,

the
"

policy friction
"

star
←

One we solve for glk ) , it is easy
to construct the sequence

{kÉ ,
}t? :

k↑= gcko ) ; k%=gCk*, ) ; ki
-

- glk :) ; - -
-
-

and thus we get 9k¥ ,
}e?
. .



So we have our solution the the SP :{ kin }t?
and a sequence of solutions to the FE :{ let 3¥

.

We want Ñtti = KI , Tt ≥0
, given any

initial Ko
.

When
'

Ii) Stand FE have the same solutions )
for all initial ko and Cii ) they have the same

valve at the solutions
, we call this

the
"

Principle of optimality ?

When do the SP and FE satisfy the
.

principle
of optimality ? SLP chapter 4 discusses this

.

For the specific planner's problem above
, we will

just assume it satisfies it for now .

This means that the solution to our original problem :{ kÑ}Éo
x

Max Eptlnlflhe ) - kt+ ,
)

{kt-BE-ot-os.li
.

0 ≤ kt-n.flk.tl ft

ko given

is equivalent to the solutions given by the recursive form :

{ k
,
} = { glko) , glglko)) , glglglko ) )) , . . . } = { ki , ki,k% .

. .

}

VIK )= Max { lnlfck ) - k ' / tpvlk ' ) }
h

'

St . K' C- Mk)

for
any given initial capital stock ko

.



" sequence problem
"

in
To provide some intuition as to why the SP

can be written in the FE form
,
let's

suppose { kin }t?o js the solution to the SP :

who )= Max EpᵗF( let,kt+ , )
9kt -1 , } to

sit , Kent Tlkt ) ttt
,
ko given .

no

^
^

= [ ptflkuibtti )
t=o

x

= Flko
,
hi

,
) -1 Ept -51kt , hiii )

f- I
✗

= Flho ,
hi
, )+p§gPᵗF( him ,Ñt+z )

= Flu
,
hi
, )+pw( hi , )

so at the optimum , Wlko ) (the planner 's problem
'

at time Zero ) is equal to the sum of :

1) The optimal E- 0 period utility Flko ,ki)= ulflko ) - ki )
,
and

2) The discounted valve of solving the planners problem at
period 1

, given initial capital ki : 13W (ki, ) .

Which looks a lot like the maximum of FE 91M ko ;

where glko / = KY ( and since we assume principle of optimality holds
, we know Kiki)

Vlko )= Max { Flko ,k , )+pVlk ,
) }

KEITH

= Flho
,
ki ) + pvlki )



How do we solve for V in the FE ?

Now
, go back to our Bellman equation :

Vlk) = max { ulflk) - b
'

) + pvck
' ) }

k
'

sit .
K' C- PIK )

V is an unknown function . We want to find its true former
find an approximation that is very close to V.

The following steps describe how we solve for V (or close approx. ) :

Define the operator T :

1- (WILK ) = Max { ulflk ) - k
' ) + pwlk

' ) }
n' tMr)

Although "

operator
"

may sound technical
,
don't worry . T is just a function

whose input is a function and whose

output is another function :

T : S - S
,

where s is a set of
functions satisfying some properties

For example , s could equal the set UK ) of continuous t

bounded functions
,
f : K - R

, where k≤ Re S.t. KEK

&

Then we say
S :( (K )

,
and T:( (K ) → Clk )

Why do we need this operator T ?

We want to show that it is a contraction
,
which

I define below . We eventually want to show that by
applying the operator to a

"

guess
" function many

times
,

we

will get a very good approximation of the unknown V function
.



A set Measure

[
of distance . Note pcv.ws ≥o itunes

Definition : Contraction : Let ( S
, P ) be a

metric space and T :S → S be a function

mopping s into S
.

1- is a contraction mapping w/

modv.ws/3ifp(Tlv),Tlw))--pp(v,w)V-
v. WES and PECO, 1) •

What does p ( TW ) , Tlw ) ) - pp(v,w ) mean ?

It means that Tcu ) and Rw ) are closer

together than v and w .

Lets beep apply T :

pltltlvl ) , Tltlw ) ) < pp / Tlw ) , Tcu ) )

< p( pplv,w ) ) -_ 132pA,w )

If
you keep applying T

, say n times
, you get

:

⇒ pltnlvl , Tnlw ) ) < pnplv,w )

where we define TITLT -
-

- ltlv )) ) ) = Tn ( v )
¥ÉÉ

And remember PECO ,
1) ⇒ 13h -00 as n→x ;

since p(v,w ) is finite by assumption , 13"p(v. w ) → 0 asnox
.

Thus
, applying T n - • times implies

p / 1-
•

( v ) , 1-
• (w ) ) → 0 .

I. e- the distance between Tn (v ) and 1- " (w) goes to zero as n goes too .



Now that we understand contractions
, we can state

the contraction mapping theorem KMT )
Evey Cauchy sequence in

snaps
to element is S

Definition :(MT : If ( S
, P ) is a complete metric space

and T:S → S is a contraction with

modulus 13 ,
then :

i ) 1- has ÉÉFÉne fixed point vins

ii ) For my initial voes
, pltnlvo ) , v7 ≤ 134rad

•

A couple of quick points on this definition :

↳ i ) Fixed point : Tlv )=v

: what is fixed point (x*=flx• ) ) of
f- ( x ) = I +

'

zx ?

flat
we can find the fixed

2 - - - -

• points ) of a function in 1

'

; dimension by checking where }
Into ↓

{
it crosses the 450 line

x

A- : f( ✗ * ) = x• when x
-
= 2

↳ ii ) why didn't we write cii) as :

pltnlvo ) , Tulu ) ) ≤ B' plvo ,
v1 ?

Since u is fixed point , Tlv )=v , then Tru )=v .

E. g. if n=2
: Thu ) = T( Tlv )) = Tcu ) = v

Y



The ( MT tells us that if (sp ) is a complete
metric space and T is a contraction w/ BE 10,1 )

,

then for
my initial fraction V0

,

applying the operator T to v0 many times will cause the

distance between Tnlvo) and v to go to zero :

pltnlvo) , V ) → 0 as n→x where Tcvtv .

And remember our operator T :

1- (WILK ) = max { ulflk ) - k' ) + pwlk ' ) }
n' TMK)

we want the fixed point TLV )= V

so we can write the Bellman equation :

TLV )lk)=Vlk)= Max { ulflk ) - 6.) + PUCK' ) }
n' TMK)

Oftentimes we cannot solve for V exactly , but if
T is a contraction

, we can apply T repeatedly IN times)

so that p( 1-Nlvo ) , V ) is very small for any V0 .

Thus we can use TNCVO ) as a good approximation of V
.

How do we know if T is a contention ?

We can check Blackwell 's sufficient conditions for
a contraction .



Before we define Blackwell 's sufficient conditions
,
lets

define our metric ( how we measure distance) , the sup norm :

PCV,W ) = sup / Vlk ) - WCK ) /
KEK

The sup norm tells us the maximum distance

between two functions for
any given input value .

• Def : Blackwell 's sufficient conditions for a contraction :

let KEIR -1
,
and let ( ( K ) be a space of bounded

functions v : K - IR
,
with the sup norm

.

Let T:( ( K ) → (CK ) be an operator satisfying :

i ) Montonicity : If V.WEAK ) satisfy ✓ (b) ≤ woe) V- KEK,
then : (Tv )lk ) ≤ (Tw ) ( k ) Fleek

ii ) Discounting : 7 some 13£10 , / ) such that

[Theta ) ] ( k ) ≤ ( Tu ) (b) + Ba V-vtkkl.ci ≥O
,
Kek

Then T is a contraction with modulus B- %

[Note : ( ✓ + a) ( k ) = v64 -1 a ]
Other than the boundedness condition,④ it is straightforward
to show our operator above satisfies Blackwell's conditions and

thus is a contraction . We will do this later in the course .

Therefore
,

we can apply the CMT. Solving for V=Tlv )

( or more correctly , a very good approximation of V )
is fairly simple to implement on a computer .
Professor Kehoe even did it in Excel !

This process is called valve function iteration IVFI ) .

On the next page ,
I talk about VFI

.

④ When we have uH=1ogt ) , we usually just ignore
the boundedness condition

.

To be clear
,

we will always bound logt ) from above , and just ignore that it is

not bounded below . But to truly satisfy Blackwell 's , we need unto be bounded .



Value Function Iteration ( Adapted from Amol Amol 's notes )

suppose we have verified that our operator T :

1- (WILK ) = Max { lnlflk ) - E) + pwlk ' ) }
n' tMk)

satisfies Blackwell 's sufficient conditions,⊕ and thus is

a contraction with 1340,1 ) . Then by the (MT
,

G) T has a unique fixed point TIV )=V and

Iii) For
any

initial function V0 , Tnlvo) converges to V

as n goes
to infinity lie .

{ two
,
Two)

, _ . .
} - V )

.

So let's use the CMT ; we can create the

sequence TIVO )
,
T4Vo ) , Two) , _ . .

which we know

coverages to the fixed point V .
This is the process

of value function iteration :

1) Make an initial guess ; a
function Volk ) .

↳ We guess Volk)=0 . Remember
,

we can

pick any initial V0 as long as it is in CCK)
.

Since Volk)=0 is continuous and bounded

we are free to choose it
.

[ continued next page
]

④ Again , other than boundedness from below . Ignore this for now .



2) Solve T( V0 ) ( K ) = V1 /b) .

plug in vail :O :

↳ Throttle )= v. (b) = max{ln(AW - k ' )+piÉ#}
k
'

sit . 01 K' ≤ Aled

KKTFOCS :

au
!
, ,

,

= 8 ; 8k'=0 ; 8
≥ 0 ; K' 20

⇒ µk÷, = rk
'
= 0

⇒ he # g.lk/--0 is optimal policy .

Plug g.lk/--hi*--0intoTlvo)lk)-- V.lk ) :

Ville )=lnlAñ - gÑ )
= In / AW)

We have solved V. (b) = ln(Abi ) .

3) Solve Tzlvo )lk)=T(4) (b) = Vzlk )
us"%nʰ"%,

↳ Tlv , )lH=vzh ) = max{ In /Aka - k ' ) + pv.lk
' ) }

k
'

S.t. Ot k ' ≤ Ate
'

=

max { lnlAK-k.lt/3lnlAk
" ) }

k
'

it . 01 b' ≤ Aled

FOC :

µ
!
, ,

,

= PALK
' " '

Ab 't



Which you can solve for the optimal policy :

⇒ b'
*
= gzlk ) = 213 Aka

1+213

Plug this into Tlv
,
)lk)= vzlk ) :

Vzlk ) = In / Akt _ gzlk ) ) + Bln /Agder )

=ln( Ali - ;¥pAñ)+pln(Al¥gwY)
Thus we have solved Vzlk )

.

4) Solve Tlvz)lk)= Vzlk )

n:) Solve Tlvn.at/k)--vn.fk )

n -11 ) solve Tlvm ) / b) = Vnlkl
To
•

And so on .

Using VFI
,

we construct the sequence of functions :

V0 ,
Two)

,
Tltlvo ) )

,
Tltltlvo ) ) ) , _

. _ Tnlvo )
, _ . .

V0 ,
Ñ

, ,
Vi ,

v

"

} , _ . . , Vin
,

- - .

which we know will converge
to fixed point V -

- Tcu )
.

We can implement VFI on the computer, and although
we do not iterate an infinite amount of times

,
we can

get a very close approximation of V using Two), within.gnNawgn.



Appendix : Useful for understanding SIP notation .

State vs .
Control Variables

Consider plane's problem with fat )=AkF (A and ✗ given
a and fixed )

Max Eptucct )
{

ctik.AT?ot--os.t.Ct+kt+i.-AkF-Vtltikt-n=OV-t
ko given

In each period t , the planner must pick
Ct and ktti

.

These are the controlvwiables .
That is , in period t

,
the planner

"controls " these variables
.

What other variables are important to the planner
at time to ? Look at period T feasibility :

≤ AkaCt -1 kt -11 t
w w

control control
7
?

The planner doesn't
"
control

"

ki at period t ;
it is already determined ? Additionally , it gives very
valuable information to the planner .

'

It tells the planner how much Gand Kan can

be chosen ; it determines the set of feasible choices

at T . We call kin a
" state

" variable ; it

describes the current
"

state
" of the planning problem .

④ The planner chose ke in period T - 1 .



Control variables : chosen by plane at T

state variables : :) Are predetermined at t ; in

a sense
,
they are

"

given
"

at time in

ii ) Provide information to the decisionmaking
process

of the planner at period ≈ •

Question : Consider the planner's problem at period T from above
.

Suppose we add kin as a state variable
.

Why is this unnecessary ?
Cheek the two conditions on state variables from above :

i ) Are he , and ki predetermined at

time p ? Yes
. This is not an issue

.

ii ) Do they jointly provide information
to the decisionmaking process

?

No ! We do not need to know kin

at T to choose Ct and kin ;

we only need to know KT .

Distinguishing between stake and control variables is

important in dynamic programming .

Consider the Bellman equation for the problem above :

UH = max { ucc ) + Bullet }
C
,
K '

St. Lt le ' ≤ f- ( k )

c. k
'

≥O

We can immediately tell that K is a state variable ;
the input (what is

"

given
" ) for V is k ( v. K - IRI

.



In general , the Bellman equation will be a function
of the state variables) .

Thus
,

C and K
'

are control variables ; the

planner chooses [ " controls " ) C and K
'

to maximize

utility .
This is directly related to the SLP notation .

The SLP notation for the functional equation CFE) is :

Vlx ) = sup
yc.mx, { F↳4Y )

+ Bvly ) } itxex

Note that x . represent the state variables ) .

y represents current period control variables ) that

are next period 's stale variables ) .

For our planner 's problem above we have :

F- IX. g) = u( foe ) - b ' )
✗ = K

Y
= k

'

Note that this notation requires that we find a

way to
" hide " the other control variables leg . c)

.

We know that c is also a control variable
to the planner , and since it is not a next - period
state variable

,
we want to find a way

to write the

problem such that the choosing of c is
"

hidden .

"

we set :

vlktikt.in/=FCk,k
' ) = Max U(c)

TE c sit . Ctk
'
≤ f-( k )

,
C ≥ 0

= ucflk ) - k
' )



By setting FIK.li ) this way , we guarantee that
we are choosing the optimal value of c

for each pair ( k
,
k

' )
, but without it being

an explicit choice variable .
This allows us to

focus on the variables that make the problem
dynamic and is generalizable .

Thus we can write the Bellman solely in terms

of today 's state variable ( k ) and tomorrow's

state variable k
'

( k '

is also today's control variable) :

tomorrow's state

V16 ) = max { FCK ,k ' ) + BUCKY }Y
today's

k
'

state
Y

today's at. K' C- Plk )= { K' C- 112+10 ≤ b' ≤ fck ) }
control

To be clear
,
this is exactly the same

problem as the FE from earlier ;

V14 = max { ucc ) + Bullet }
Gk

'

St. Lt le ' ≤ f- ( k )

c. he
'

≥0

it is just written in a slightly different form .

Also not that The) is a function of current

state variable K ; this makes sense as the

planner needs to observe K to know which values of

k
'

are feasible .
As I said earlier

,
state variables

provide important information to the dllionnaking process !

Thus
,
the set of feasible K '

is a function of state variable K .


