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1 Overview

In this set of notes,! I define, characterize, and calculate a Sequential Markets
Equilibrium. I mention the ADE and SME equivalence result. I then cover
Pareto Efficiency, the Social Planner’s Problem, the Welfare Theorems, and
ADE with transfers. We finish with an exercise in using Negishi’s method to
calculate an ADE.

Appendix A discusses transversality conditions.

2 Sequential Markets Equilibrium

In our first recitation, we defined and characterized an Arrow-Debreu equilib-
rium. In this class we will now define another type of competitive equilibrium,
a Sequential Markets Equilibrium (SME). The environment for an SME
only differs from an ADE in the market structure and price system. For com-
pleteness, I present a complete description of the environment:

e Time: t =0, 1, 2, 3, ...
e Commodities: One nonstorable consumption good per period
e Agents:

— Two infinitely lived households i € T = {1, 2}

— Preferences over a sequence of consumption ¢ = (¢, c},c5,...) are
represented by:

Ui(e') = Blui(c})
t=0

IThese notes are based off of Professor Tim Kehoe’s lectures, Alex Wurdinger’s Fall 2022
recitations, Professor Dirk Krueger’s lecture notes, Professor Wouter den Haan’s teaching
notes, past Econ 8105 TAs’ (Amol Amol, Conor Ryan, Monica Tran Xuan), and Bipul Verma’s
8102 recitation notes. I do not claim credit for these notes and errors are my own.



where $3; € (0,1) is the discount factor.?

— Each agent has an endowment {w}}{°, = {wf,wi, w},...}, where w}
denotes the amount of the consumption good endowed to agent i in
period t

— Both agents have perfect information

e Market Structure:

— Markets are open each period
— Agents exchange one period bonds with each other
— Bonds are riskless

e Price System:

— Interest rates on the one-period bonds: {r:11}2,
— If an agent borrows b}, in period t, they must repay (1 + r441)bj,
in period t+1
We are now prepared to define a SME.

Definition: A Sequential ‘Markets Equilibrium consists of:
1.) Household allocations: Z* = {&}, b, }72, Vi € {1,2}

2.) Interest rates: P = {fy11}§2, such that:
(HH) Given P, household i chooses Z* to solve:

oo

max Z Brui(cy)

{eb b 1o 1=
st ch+ bl < (L+7)bl+w) Vi
fe1 2 —B vt
by =b; =0 given
>0Vt
(MC) The goods market and bond market clears in each period:

o= w vt

il il
S, =0 v
iel

This completes our definition of an SME.

2Note that $; indicates that the discount factor can be different across households. In most
of our exercises, however, households will have the same discount factor g; = g Vi € I.



A key component of the SME is the no Ponzi condition b}, ; > —B. As Professor
Kehoe mentioned in lecture, this constraint prevents the agents from running a
Ponzi scheme.?

Note that we now have another market clearing condition; the bond market
must clear. In other words, total bonds must sum to zero within each period.
Intuitively, this means that if agent 1 borrows b = bf > 0 in period ¢, agent 2
must be lending out —b = b? < 0 in equilibrium.

3 Characterizing a SME

To begin characterizing the SME, we will write down the Lagrangian for each
household’s maximization problem.*

L= Brui(c)+>  pi (L +70)b; +wf — cf — by )+ > _ni by + B)+>_ bic;
t=0 t=0 t=0 t=0

The KKT FOCs are:

oL i i | pi
9t 0 Brui(é) — py +0; =0
t
oL’ i i N i
o 0 : =ty + pip (14 Fegn) + 15 =0
41
L - S
o 20 : (14 7)bt +wp — & — by >0
t
pi >0 : pi >0
oL . o o
Hi g = O (AR w6 = b ) =0
t
oL’ 5
57 20 : bl +B>0
i
n >0 : ni >0
za‘cz i
un 57# =0 un (bt+1 + B) =0
i
oL’ ;
200 >0 : ¢G>0
t
0 >0 : 0i >0
oL o
Gzaei:O : 0ic; =0
t

3As a technical note, in this model we want B to be large enough so that this constraint
never binds.
4 Again assuming that the utility functions are differentiable.



If we assume that u;(c) satisfies lim._,¢ u;(c) = 400 and that B is large enough
so that the no Ponzi condition is never binding, we know that 6! = 0 and n} = 0.
If we further assume that u;(c) is strictly increasing, we know that the sequential
markets budget constraint will bind each period. Under these assumptions, we
can rewrite the KKT FOCs as:

Brui(é) = py

I
[
Heya

= (1 +7e41)

E bl = (14 )b 4w
bi.,>-B

As in the ADE case, we also need the market clearing conditions to characterize

the equilibrium:
Sd-Yui w
i€l el

> biy =0 vt

icl
We need two more conditions to fully characterize this SME. The first is the pe-
riod zero bond endowed to the households: b} = b;. The second, the transver-
sality condition (TVC),5 guarantees that households do not save too much
over time.% In this model, the TVC is written as:

: ifi
tlgglo pibtyq =0

Which is equivalent to: o
tliglo Blui(é) i1 =0

We have now fully characterized our SME.

4 Calculating a SME

As T mentioned in the previous set of notes, given the same endowments, an ADE
and SME have the same optimal consumption allocations. Therefore, if we have
the same endowments as in the ADE exercise (i.e. {w}}2, = {a,0,q,0,...} and
{w2}2, = {0,a,0,a,...}), the SME consumption allocation will be identical to

the ADE allocation: “
1

C, =
PT148
5See the appendix for more details about the TVC. It is not required knowledge at this

point in the class, so only read it if you are interested.
6In this regard, its purpose is the opposite of the no Ponzi condition.
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¢ =
1+
Now we just need to calculate interest rates and bonds. Lets begin with interest
rates. From the consumption FOCs and bond FOCs, we can derive the Euler
equation:

vt

u}(é)
/Bu;(é%-&-l)

Remember the Euler equation in the ADE:

=1 +ft+1 Vit

u; (¢i) _ Dt
Bui(Cii1)  Pr+a

We already calculated prices in an ADE, so you can solve for interest rates in
the SME using the Euler equations above.

To calculate bonds, combine the allocations and prices you have already solved
for with the sequential markets budget constraint:

E bl = (14 )b 4 w!

Once you have calculated the bonds for household i, {b¢ 41120, you can use the
bond market clearing condition to solve for the other household’s bonds:

by, +02, =0 < bl = b2, Wt

5 Pareto Efficiency, Welfare Theorems, and Negishi’s
Method

An allocation that is Pareto Efficient is both feasible and unwasteful. Feasi-
bility fits our usual definition - the amount consumed in each period is less than
or equal to the amount available (endowed or produced) in that period (and is
positive). By saying an allocation is "unwasteful,” I mean that no other allo-
cation would make at least one agent strictly better off while keeping all other
agents just as well off. Now we will define Pareto efficiency in an endowment
economy with I households who are infinitely lived.

Definition: An allocation {{ci}%,};cr is Pareto Efficient if it is:
1.) Feasible:

® Dier€ < Xierwi Vi, and
o i>0 Vit
2.) There doesn’t exist a feasible allocation {{¢:}$,}icz such that:

o Ui({ci}i2o) = Ui({cj}i2o) Vi, and



o U;({ci}22) > Ui({ci}s2,) for at least one i

In the simple economies we have discussed thus far, without any market failures
or frictions, the competitive equilibrium allocations are Pareto efficient. This is
called the First Welfare Theorem.

First Welfare Theorem: Assume U;(c) is satisfies local non-satiation for each
i.7 If allocation {{¢i}2°}icr and prices {p; }5°, form a competitive equilibrium,
then {{¢}}52}ier is Pareto efficient.

The First Welfare Theorem tells us that competitive equilibrium allocations
are nested within Pareto efficient allocations (CE C PFE). The Second Wel-
fare Theorem tells us that any Pareto efficient allocation can be supported as
an equilibrium allocation, given certain prices and transfers.

Second Welfare Theorem: Assume U;(c) is continuous, concave, and strictly
increasing for each i. If allocation {{¢i}$2,}ier is Pareto efficient, then there
exist transfers {t;};c; and prices {p;}$2, such that {{é&:}5°} ier, {Pe}520, and
{t;}icr form a competitive equilibrium.

We can calculate Pareto efficient allocations using the Social Planner’s Prob-
lem (SPP). Using the SWT, we can then construct a competitive equilibrium
using these PE allocations. The SPP maximizes the weighted sum (Pareto
weights «; > 0 Vi) of lifetime utilities subject to feasibility constraints.

Definition: Given Pareto weights (a1, as, ..., ar), the Social Planner’s Prob-
lem chooses {¢f (), é2(a), ..., eF(a)}$2, to solve:®

max ;Ui ({1}220)

1 .2 I oo
Cy,CYy.enyC .
{ torvto t}tfo iel

s.t. ZciﬁZwi vt
iel i€l
ci>0 Vit

Using the SPP, we have the following proposition: If {&}(a), ..., & (o) }£2, solves
the SPP, then {¢;(a), ..., ¢l (a)}$2, is Pareto efficient.

Why is this useful? Consider the two-household pure exchange economy from
our previous exercises. Use the SPP to calculate a PE allocation {¢} (), ¢Z(a) }£2,.
Then, by the SWT, we can construct an Arrow-Debreu equilibrium with trans-
fers such that {é}(a),é?(a)}3, is the equilibrium allocation. Thus, in this

7Also assume that there are a finite number of agents. For example, the FWT may not
hold in certain OLG models.

SLet o = (a1, a2, ...,ar), so that we can succinctly write consumption as a function of
both Pareto weights.



simple model, competitive markets can implement any PE allocation you, the
social planner, desire. All you need to do is conduct a lump-sum transfer across
agents and let markets operate.

Definition: An Arrow-Debreu Equilibrium with transfers consists of:
1.) Household Allocations: Z/ = {¢i}2, Vi e {1,2}

2.) Price System: P = {p,}32,

3.) Transfers: #; V i € {1,2} such that:

(HH) Given P, household i € {1,2} chooses Z* to solve:

max Z Blug(ch)

{Ci}?io t=0
oo oo
s.t. Zﬁtci < Zﬁtwg +t;
t=0 t=0

>0Vt

(MC) Market clears in each period:

Sd=Yui

iel i€l
It should be clear that if ¢; = 0 for all households, we have our normal ADE.
Let’s see how we can use the SWT. Assume we have the two households from
our previous examples. We know that the aggregate endowment in each period

is w} + w? = a Vt. The weights a; and ay are non-negative and given.” The
social planner chooses {é} (), é2(a)}52, to solve:

oo oo
max o Z Blin(cl) + az Z Btin(c?)
lebettizo 130 t=0

st. cf+cE <wltwl=a Wt

ci>0 Vit

Let p; be the Lagrange multiplier on the feasibility condition at time ¢. The
consumption FOCs are:

Qi— = p Vti

9In the case that one of the weights is equal to zero, the social planner will give the total
endowment to the household with the non-zero weight. The household with a; = 0 will
consume nothing.



If divide this FOC at time ¢ for household 1 by the FOC at time ¢ for household
2, we get:

a2 a2
aqC C (0%} “ Qg
Atl = 1 < —Atl = — < C? = 70%
Q2C; Cy a1 (05]

Plugging this into the feasibility condition, we can solve for the solution to the
SPP; Pareto efficient allocations that are a function of the o weights:

1 a aq
Ct(a) 1+%§ 042+041a
e (a) T - ® aw

:1+g—; Qo + o

We see that both households consume a constant share of the aggregate endow-
ment across time, and their share is dependent on the relative value of their
Pareto weight «;. You, the social planner, can choose any non-negative values
of Pareto weights (aq,as) and these allocations will remain Pareto efficient.

Given a PE allocation, ZF¥ = {¢}(a),é?(a)}5,, how can we can construct
an ADE with transfers such that the equilibrium allocation is identical to the
PE allocation? An ADE allocation must be feasible in all periods and must
satisfy the optimality conditions from the households’ optimization problem
(including the budget constraints).

We know that any PE allocation Z©# will satisfy feasibility (by definition).
Since feasibility is not an issue, we will focus on the optimality conditions. Us-
ing the fact that these utility functions are strictly concave, we know that the
KKT FOCs are sufficient for solving the households’ maximization problems.
Le. any prices and allocations (along with Lagrange multipliers) that satisfy the
corresponding optimality conditions are a solution to the household maximiza-
tion problem. Consider the consumption FOCs in an ADE with transfers:'°
t
Z_ =N\pr Vi (%)

If we can find values of p, ¢, and \; such that:

i) & =X\ipr Vti, and

ii.) ’f‘he budget constraints for both households are satisfied,
then we have found the equilibrium allocation.

Now, look at the consumption FOCs from the SPP that Z”F solves:

B .
Qi— = pit Vit
Ct

10Note that these consumption FOCs are identical to those in a normal ADE (without
transfers)



Clearly, if we set:

1
A= — Vi
@i
Pt = Vit

Then (x) is satisfied when we use Z'% = {¢}(a),é?(a)}$2, as the allocation.
Now we just need to verify that our prices and allocation satisfy the budget con-
straints. To ensure both households can afford their PE allocation, we need to
add transfers to the budget constraints. A transfer ¢;(a) is a lump-sum amount
(denominated in period 0 consumption good) such that ZFF is affordable for
both households at prices p; = u; in the CE.1!

fi() =Y e (¢4(@) — w})
t=0

Using the transfers, we can guarantee that the budget constraints are satisfied
for both households:

o0 o0
> biéi(a) =Y prwi +1; Vi
t=0

t=0

Therefore, we have found prices {p;}2,, an allocation {¢f(«a),é7(a)}$2,, and
transfers {£;()}ic (1,2} that satisfy feasibility, the consumption FOCs, and the
budget constraints. We have constructed a CE that implements our PE alloca-
tion as the equilibrium allocation!

We can use similar logic to calculate a normal ADE (without transfers) us-
ing just the SPP and transfer function. In Negishi’s Method, we use PE
allocations'? {é} (), ¢2(a)}$°, and the transfer function to solve for the Pareto
weights & such that transfers are 0 (t; = 0 Vi). We then use these weights to
calculate a new PE allocation {¢; (&), é7(&)}5°, and apply the SWT to get our
ADE (with transfers = 0).

Let’s see the Negishi method in action. Use the SPP consumption FOC for
household 4 and our formulas for & (a) to solve for

B B
= Qi—r = Qi = (oo +a1)-pB"
G aztay a

Now plug this into our transfer function:

o0

ti(a) = Z(Oéz + al)éﬁt (i () —wy)

t=0

11n problem set 1, you verify that t; 4+ t2 = 0. Intuitively, if household 1 gets a positive
transfer payment (¢1 > 0), household 2 is "taxed” the same amount (t2 = —t; < 0). You are
”transferring” wealth from household 2 to household 1.

12Computed using the SPP with arbitrary Pareto weights.



We can normalize as + a7 = 1 since the transfer function is homogeneous of
degree 1. We will now set 1 (&) = 0 and solve for &:

N~ L i
t1(&) = Zfﬂt (dhra—w}p) =0
=0 ¢
& _ 1
1-8 1-p2
. 1
:}alzm

—t A:l—Azi
[6%) a1 1+B

Plugging these new Pareto weights into the PE consumption equations, we get:

éHa) = 5 vt
é2(a) = 1165 vt

These are exactly the same allocations as we calculated for the ADE in the
Recitation 1 notes. Prices are also the same, up to a scalar multiple:*?

ﬁt
Dy = py = —
a

We have calculated an ADE using just the SPP and transfer function. That is
pretty neat if you ask me!

The Negishi method is useful for computing CE since the SPP is a much simpler
optimization problem compared to solving for an equilibrium. The SPP is just a
single constrained maximization problem, while solving a CE involves multiple
constrained maximization problems, market clearing conditions, and prices.

13Since relative prices are all that matter to the households, the scalar multiple is irrelevant.
As discussed in class, I could multiply all prices by a > 0 and the household maximization
problem would remain unchanged.
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6 Appendix A: Transversality Conditions

You do not need to know these details right now. I post it solely for
those interested.

One way to think about the TVC is as a ”"terminal condition” for an asset.'*

For example, in a sequential markets model with finite periods (T" periods), the
amount borrowed/lent in final period must be greater than or equal to zero in

equilibrium (b4, ; > 0).

Suppose both households only live until period T. We rewrite their maximiza-
tion problem as:

T
max Z ﬁtui(ci)

{CivbiJrl}tT:O t=0
st cp+by, < (L+7)b+w, Vte{0,1,..,T}
b, >-Bvte{0,1,.,T -1}
& >0vte{o1,..T}
by =b; =0 given
1 >0

Note the new constraint: b%,,; > 0. This prevents the households from borrow-
ing a large amount in the last period and thus never repaying their debt.
The Lagrangian for this problem is:

T T T T
L= Blui(cp)+> i (L4 70)b) +wi — ¢ — biyy)+>_ i by + B)+Y_ bici+iib

t=0 t=0 t=0 t=0

14Depending on the model, there can be multiple TVCs.
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Consider the KKT FOCs in the final period T"

oL T,/

— = fi. =0
oc, Bl (&) — i + 0%

oLt )

g =0 : — P = 0
0 e
oc AT

>0 : (1 +77)bp +wp —ép — by, >0
3MT
i >0 : >0
oL’ i NN P i _
uT@uT M ((1+7'T)bT+wT—CT _bT+1> =0
oL! .

— >0 : e >0
a0, = r=
0% >0 : 0% >0

oL! i i
0% a0, =0 : 07 =0
oL N
awl > 0 bTJrl 2 0
P; >0 : P; >0

E'L
Vi 31/11 wz T41 =

Again, assume that wu;(c) satisfies lim._,o u}(c) = 400 so that optimal consump-
tion is positive and therefore 0% = 0. We will use the first two conditions and
the last condition from above:

BT () = i
M%P = 1;
Wbl =

It is straightforward to see that these conditions imply:

B ()b gy =0

When we extend the number of periods to infinity, we see that this condition is:

lim A7} (&0)br 4y =0

T—o0

Which is exactly the TVC from above.

12



We can also derive the TVC using the optimality conditions from the ” Charac-
terizing a SME” section. Begin with the budget constraint at ¢ = 0, using the
initial condition for the bond bf = 0.

N
¢y + b1 = wy

Rearranging the t = 1 budget constraint, we get:

N, 1 y o
= arm (e = wi +3)
Plug this into the ¢ = 0 budget constraint:
. 1 . . ~. .
&+ e (0~ wh +B) = wh
0 (1 +’I"1> 1 1 2 0

Using the budget constraint at period ¢, we can derive the formula for IA)%
N 1 y L
by = A+ (Ci —w; + b§+1>

Using this, we can plug in the equation for lAﬂQ into our t = 0 budget constraint
again:

. 1 4 . 1 . ,
t+ e [ —wl+ (8 —wh+ ) ) =
0 (1 +7”1) < 1 1 (1 +T2) t 2 3 0
Through repeated substitution until period ¢, we can derive:

i i i i i i i
o4 G —w Co — Wy Cy — Wy bt+1
Co

A N - - - —+ - ~ — =
(14+71) (1471)(1+72) (I47) (L +7o) - (T +7)  (L+7)(1472) - (14 7)
Which can be rearranged to:
. G & & bits
Co+ —+ — — — — —+ — — =
(1+T1) (1—|—T‘1)(1—|—T2) (1+T1)(1+T2)(1+T7§) (1+T1)(1+7‘2)(1+T7§)

Wy Wy Wy

— + - - - - - -
(1+71) (1471 +79) (I+7m)A 47 (14 7)
A necessary condition for this sum to converge is for the bond term to converge
to zero as t — oo. Thus in any equilibrium, we must require that:

lim bha =0
t=oo (1+71)(1+72) - (1+7)
Using the FOCs for bonds, we can see that:
(14 70)(147g) - (147y) = L0EL B KO
H1 Mo M Hi

Plugging this into the limit, we get the TVC for this problem:

i
. 1 . i 74 . t 1 AiNTd
lim 4 =0 <« lim ©ib',, =0 «— lim B'u(é =0
t—o0 PLQ t—>oo/jlt t+1 t—>ooﬁ 1( t) t+1
My
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